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Abstract 

(N- 

We find a new representation of the simple Lie algebra of type Ej on the poly- 
nomial algebra in 27 variables, which gives a fractional representation of the corre- 
sponding Lie group on 27-dimensional space. Using this representation and Shen's 
| idea of mixed product, we construct a functor from E^-Mod to £V-Mod. A condi- 

tion for the functor to map a finite-dimensional irreducible i^-module to an infinite- 
dimensional irreducible -EV-module is obtained. Our general frame also gives a direct 
polynomial extension from irreducible .E^-modules to irreducible -E/7-modules. The 
obtained infinite-dimensional irreducible -EV-modules are (Q, -fT)-modules in terms 
of Lie group representations. The results could be used in studying the quantum 
field theory with E-j symmetry and symmetry of partial differential equations. 



1 Introduction 

m 

A quantum field is an operator-valued function on a certain Hilbert space, which 
1/-) ■ is often a direct sum of infinite-dimensional irreducible modules of a certain Lie algebra 

(group). The Lie algebra of two-dimensional conformal group is exactly the Virasoro alge- 
bra, which contains a central element. The minimal models of two-dimensional conformal 
field theory were constructed from direct sums of certain infinite-dimensional irreducible 
modules of the Virasoro algebra, where the value taken by the central element is an 
important physical quantity, called the central charge. 

It is well known that n-dimensional projective group gives rise to a non-homogenous 
representation of the Lie algebra sl(n + 1, C) on the polynomial functions of the projective 
space. Using Shen's mixed product for Witt algebras, Zhao and the author [ZX] general- 
ized the above representation of sl(n + 1, C) to a non-homogenous representation on the 
tensor space of any finite-dimensional irreducible gl(n, C)-module with the polynomial 
space. Moreover, the structure of such a representation was completely determined. The 
result can be used to study the quantum field theory with sl{n + 1, C) as the symmetry. 
Furthermore, we [XZ] generalize the conformal representation of o(n + 2, C) to a non- 
homogenous representation of o(n + 2, C) on the tensor space of any finite-dimensional 
irreducible o(n, C)-module with a polynomial space by Shen's idea of mixed product for 
Witt algebras. It turns out that a hidden central transformation is involved. More im- 
portantly, we find a condition on the constant value taken by the central transformation 
such that the generalized conformal representation is irreducible. The result would be 
useful in higher-dimensional conformal field theory. 
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In [X4], we find a new representation of the simple Lie algebra of type E 6 on the poly- 
nomial algebra in 16 variables, which gives a fractional representation of the corresponding 
Lie group on 16-dimensional space. Using this representation and Shen's idea of mixed 
product, we construct a functor from D 5 -Mod to i? 6 -Mod. A condition for the functor 
to map a finite-dimensional irreducible -Ds-module to an infinite-dimensional irreducible 
E^-module is obtained. Our general frame also gives a direct polynomial extension from 
irreducible -D 5 -modules to irreducible ^-modules. The obtained infinite-dimensional irre- 
ducible -E^-modules are (Q, i^)-modules in terms of Lie group representations. The results 
could be used in studying the quantum field theory with E & symmetry and symmetry of 
partial differential equations. 

This paper is the forth work in the program of studying quantum-field motivated 
representations of finite-dimensional simple Lie algebras. It is well known that the minimal 
dimension of irreducible modules over the simple Lie algebra of type E 7 is 56. Based on 
a grading of the simple Lie algebra of type E 7 , we find a first-order differential operator 
representation of the Lie algebra on the polynomial algebra in 27 independent variables. 
In fact, the corresponding Lie group representation is given by fractional transformations 
on 27-dimensional space. Using this representation and Shen's idea of mixed product, we 
construct a new functor from E 6 -Mod to ^-Mod, where a hidden central transformation 
is involved. More importantly, a condition for the functor to map a finite-dimensional 
irreducible E^-module to an infinite-dimensional irreducible i^-module in terms of the 
constant value taken by the central transformation is obtained. The well-known Dickson 
cubic invariant (cf. [Dl]) plays an important role in our approach. Our general frame 
also gives a direct polynomial extension from irreducible _E 6 -modules to irreducible E 7 - 
modules, which can be applied to obtain explicit bases of irreducible ^-modules from 
those of irreducible ^-modules. The result could be useful in understanding the quantum 
field theory with E 7 symmetry. Our fractional representation of the E 7 Lie group could 
also be used in symmetry analysis of partial differential equations just as the conformal 
representation of orthogonal Lie groups does. Our infinite-dimensional irreducible E 7 - 
modules are (Q, i^)-modules in terms of the corresponding Lie group representations. 

The E 7 Lie algebra and group are important mathematical objects with broad ap- 
plications. They are second most complicated finite-dimensional simple Lie algebra and 
group. The complexity indeed imply rich connotation. Here we are only able to list a 
small part of it. Ramond [R] (1977) gave a group theoretical analysis of a symmetry 
breaking affected by Higgs fields for the vector-like unified theory base on E 7 . Cvitanovie 
[Co] (1981) studied the E 7 symmetry with negative bosonic dimension. Han, Kim and 
Tanii [HKT] (1986) presented a supersymmetrization of the six-dimensional anomaly-free 
EqX E 7 x U(l) theory with Lorentz Chern-Simons term. Kato and Kitazawa [KK] (1989) 
studied the correlation functions in an .Ey-type modular-invariant Wess-Zumino-Witten 
theory, which is related to the scheme of string compatification proposed by Gepner. 
Ma [M] (1990) found the spectrum-dependent solutions to the Yang-Baxter equation for 
quantum E 7 . 

Fernadez, Garcia Fuerres and Perelomov [FFP] (2005) re-expressed the quantum 
Calogero- Sutherland model for the Lie algebra E 7 and the particular value of the coupling 
constant k — 1, using the fundamental irreducible characters of the algebra as dynamic 
variables. Moreover, they used the model to obtain explicitly the characters and Clebsch- 



Gordan series for the algebra E 7 . D'Auria, Ferrara and Trigiante [DFT] (2006) considered 
M-theory compactified on seven-torus with fluxes when all the seven anti-symmetric ten- 
sor fields in four dimensions have been dualized into scalars and thus the £7(7) symmetry 
was recovered. Duff and Ferrara [DF] (2007) proposed that a particular tripartite en- 
tanglement of seven quits, encoded in the Fano plane, is described by the E 7 group and 
that the entanglement measure is given by Cartan's quartic E 7 invariant. Brink, Kim 
and Ramond [BKR] (2008) used the Cremmer- Julia E 7 ^ nonlinear symmetry of N = 8 
supergravity to derive its order k on-shell Hamltonian in terms of the chiral light-cone 
superfield. Borsten [Bl] (2008) used the Freudenthal triple system to sketch the precise 
dictionary relating the 56 charges, parametrizing the general black hole solution, to the 
56-dimensional quantum states of E 7 . 

Part of the mathematical story of E 7 is as follows. Brown [Brl] (1968) constructed a 
central simple nonassociative algebraic structure on the Freudenthal triple system of E 7 
and obtained a new interpretation of the E 7 Lie algebra. He [Br2] (1969) proved that the 
group leaving Cartan's quartic form invariant modulo its center is exactly a simple E 7 Lie 
group. Faulkner [Fau] (1972) studied the geometry of the planes of the octave symplectic 
geometry of the ternary algebra related to the minimal representation of E 7 . Ferrar [Fer] 
(1980) used the Freudenthal triple system to classified the simple E 7 Lie algebras over 
algebraic number fields. Kleidman and Ryba [KR] (1993) proved a Kostant's conjecture 
in the case of E 7 , which says that the group PSL(2, 37) embeds in an E 7 Lie group. 
Moreover, Griess and Ryba [GR] (1994) proved that the group Uz(8) embeds in an E 7 
Lie group and the group Sz(8) does not. Ginzburg [Gd] (1995) showed that the twisted 
partial L-function on the 56-dimensional representation of GE 7 (C) is entire except the 
points and I. 

Cooperstein [Cb] (1995) proved that Cartan's quartic ^-invariant is the unique fun- 
damental invariant over the basic module. Moreover, Shult [Se] (1997) showed that the 
basic representation of E 7 provides the absolutely universal embedding of the point-line 
geometry E 7 \. Plotkin [P] (1998) investigated the stability of the ^-functor the E 7 
group. Dokovic [Ddl] (1999) classified nilpotent adjoint orbits of real simple noncompact 
groups of type E 7 by means of Caley triples. He [Dd2] (2001) also worked out the partial 
order on nilpotent orbits in the split real Lie algebra of type E 7 . The E 7 root system 
was used by Sekiguchi [Sj] (1999) to study the configurations of seven lines on the real 
projective plane. Kleidman, Meierfrankenfeld and Ryba [KMR] (1999) proved that the 
group HS embeds in E 7 (5). Choi and Yoon [CY] (1999) calculated the homology of the 
double and triple loop spaces of E 7 . 

Ukai [U] (2001) computed the 6-functions of the prehomogeneous vector space arising 
from a cuspidal character sheaf of E 7 . Garibaidi [Gr] (2001) gave explicit descriptions of 
the homogeneous projective varieties associated with the E 7 group with trivial Tits alge- 
bras. A characterization of quadratic forms of type E 7 was given by De Medits [Dt] (2002). 
Cherenousov [Cv] (2003) used Hasse principle to prove that the Rost invariant has trivial 
kernel for a quasi-split E 7 group. Kono, Lin and Nishimura [KLN] (2003) characterized 
the mod 3 cohomology of E 7 . Weiss [W] (2006) solved a fundamental question about the 
structure of the automorphism group of the Moufang quadrangles of type E 7 . Moreover, 
we found in [X3] that the weight matrices of E 7 on its minimal irreducible module and 
adjoint module generate ternary orthogonal codes with large minimal distances. 



This work further reveals new beauties of the simple Lie algebra of type E 7 . In Section 
2, we construct the 2 7- dimensional representation of the simple Lie algebra of type Eq 
in terms of first-order differential operators on the polynomial algebra in 27 independent 
variables from the lattice-construction of the simple Lie algebra of type E 7 . In Section 3, 
we realize the simple Lie algebra of type E 7 in terms of first-order differential operators on 
the polynomial algebra in 27 independent variables. Section 4 is devoted to the explicit 
presentation of the functor from E 6 -Mod to E 7 -Mod. Finally in Section 6, we determine a 
condition for the functor to map a finite-dimensional irreducible i^-module to an infinite- 
dimensional irreducible i? 7 -module. 

2 Polynomial Representation of Eq via E 7 

In this section, we will explicitly construct the 27-dimensional basic irreducible rep- 
resentation of Eq. 

For convenience, we will use the notion 



1,1 + j = {i,i + l,i + 2,...,i+j} (2.1) 

for integer % and positive integer j throughout this paper. We start with the root lattice 
construction of the simple Lie algebra of type E 7 . As we all known, the Dynkin diagram 
of E 7 is as follows: 

9 2 

E 7- O O O O O O 

1 3 4 5 6 7 

Let {ai | i G 1,7} be the simple positive roots corresponding to the vertices in the 
diagram, and let §e 7 be the root system of E 7 . Set 



Q Er = Y,^ (2-2) 



i=l 



the root lattice of type E 7 . Denote by (•, •) the symmetric Z-bilinear form on Q Er such 
that 

<&e 7 = {a E Qe 7 I («, ct) = 2}. (2.3) 
Define F{-, •) : Q Er x Q E? -> {±1} by 

7 7 

F(J2 hoa, l i a j) = (-l)^=i kili+ ^<^ kilj{ai ' aj \ ki,lj e Z. (2.4) 



i=i 



Then for a, /3, 7 e Q Er , 

F(a + (3, 7) = F(a, 7 )F(/3, 7), F(a, (3 + 7) = F(a, (3)F(a, 7), (2.5) 

F(a, p)F(p, a)- 1 = (-1)^, F(a, a) = (-l)( Q > a )/ 2 . (2.6) 

In particular, 

F(a,/3) = -F(p,a) if a, p, a + f3 G (2.7) 



Denote 

7 



H E7 = J2^. (2.8) 
i=i 

The simple Lie algebra of type E 7 is 

g E r =H E7 @ RE a (2.9) 

with the Lie bracket [•, •] determined by: 

[H Er , H E7 \ = 0, [h, E a ] = (h, a)E a , [E a , E_ a ] = -a, (2.10) 

rp p i _ / if a + /3 £$ B7 , 

^ ~ \ F(a, /3)£ a+/3 if a + /3 G $£ 7 

for a, (3 G $£ 7 and /i G i?e 7 (e.g., cf. [K, XI]). Moreover, we define a bilinear form (-|-) 
on g Ee > by 

(h 1 \h 2 ) = (h 1 ,h 2 ), (h\E a ) = 0, {E a \E p ) = -8 a+Pfl (2.12) 

for hi,h 2 G H and G $£ 7 . If can be verified that (-|-) is a (/^-invariant form, that 
is, 

(\u,v\\w) = -(v\[u,w\) ior u,veG Er . (2.13) 

Note that 

6 

1=1 



is the root lattice of i?6 and 
is the root system of E 6 . Set 

Then the subalgebra 



H Eo =Y t Ra i . (2.16) 



i=i 



£ £6 = H E6 © M£ Q (2.17) 



of Q Er is exactly the simple Lie algebra of type Eq. Denote by $J 6 the set of positive 
roots of Eq and by § Er the set of positive roots of E 7 . The elements of Q Ef , are: 

ai + 2«2 + 2a 3 + 3a4 + 2a 5 + a 6 , (2-18) 

i 3 
{«! + J] a r I j G 276} |J{ ®r I 2 < % < j < 6}, (2.19) 

r=3 r=i+l 

{$^ + ^a t |2<j<A;<6} (2.20) 

s=2 t=4 

and 

i j k 

{^« t + $^« s + ^«t |2<2<j <A;<6}. (2.21) 



Denote by <3>^ 7 the set of the following positive roots: 

7 6 7 

ai + ^av, a 3 + 2a 4 + a 5 + + ^a r , (2.22) 



r=3 i=l r=l 

7 7 



{2 a s — «i + a 4 — a 6 + a r | i e 1, 6}, { a r | i G 2, 6}, (2.23) 

s=l r=i+l r=i+l 

j 7 i j 7 

s=2 t=4 i=l s=3 t=4 

Then 

^=^ 6 U^ ( 2 - 25 ) 

For convenience, we also denote 

r 

E {kl ,..., kr) = E a , £( fel ,..., M = E. a for a = e $£ 7 , K ± 0. (2.26) 

s=l 

Write 



£l — £(0,0,0,0,0,0,1), & — £(0,0,0,0,0,1,1), £3 — £(0,0,0,0,1,1,1), <^4 — £(0,0,0,1,1,1,1), 

^5 = £(0,0,1,1, 1,1,1), ^6 = £(0,1,0,1, 1,1,1), & = £(0,1,1,1,1,1,1), ^8 = £(1,0,1,1,1,1,1), 

6 = £(0,1,1,2,1,1,1), £l0 = £(1,1,1,1,1,1,1), £ll = £(0,1,1,2,2,1,1), £l2 = £(1,1,1,2,1,1,1), 

63 = £(1,1,1,2,2,1,1), 64 = £(0,1,1,2,2,2,1), £l5 = £(1,1,2,2,1,1,1), fl6 = £(1,1,2,2,2,1,1), 

67 = £(1,1,1,2,2,2,1), £l8 = £(1,1,2,3,2,1,1), £l9 = £(1,1,2,2,2,2,1), 60 = £(1,2,2,3,2,1,1), 

&21 = £(1,1,2,3,2,2,1), 62 = £(1,1,2,3,3,2,1), 63 = £(1,2,2,3,2,2,1), ^24 = £(1,2,2,3,3,2,1), 

t_ _ — TP . _ _ .. t__ — TP . _ _ t__ _ TP . 



oei 

27 27 

G- = J2 c ^ g o = g Ee + ca 7 , g + = J2 ( 2 - 41 ) 

1=1 i=i 

Then £? ± are abelian subalgebras of G El and £? is a maximal reductive Lie subalgebra of 
Q Er . Moreover, 

[G+, G-] c Go, [Go, G±] c G±, G E? = G~®G ® G+- (2.42) 



Denote by \ the ith fundamental weight of Q Efi . With respect to the adjoint representa- 
tion of Q El , Q + forms an irreducible (/^-module with highest weight Ai and forms an 
irreducible (/^-module with highest weight \. 
Set 

A = C[ Xl ,x 2 ,...,x 27 ], (2.43) 
the polynomial algebra in x 1 ,x 2 , ■ ■■■ t x 27 . Write 

27 

= ^2vi,A u )Vj for i e T727, u e g , (2.44) 

where (pij(u) G C. Define an action of Q on A by 

27 

u(/) = <Pij( u ) x Ai(f) for M e ^0, / e A (2.45) 
Then A forms a ^o- m odule and the subspace 

27 

V = J2 Cx i ( 2 - 46 ) 

i=l 

forms a ^o-submodule isomorphic to , where the isomorphism is determined by Xi rji 
for i G 1727. 

Denote by N the set of nonnegative integers. Write 



27 27 

C" 

i=l i=l 



s<* = Y[x?, d a = Y[d% for a — (cti, a 2 , a 2 r) G N 27 . (2.47) 

Let 



A = „4<9 Q (2.48) 

qGN 27 

be the algebra of differential operators on A. Then the linear transformation r determined 
by 

r(x^d'') = xW p for 0,7 G N 27 (2.49) 

is an involutive anti-automorphism of A. 

Thanks to (2.10), (2.11), (2.44) and (2.45), we find the following representation for- 
mulas of Go: 



E ai U - 


- X^0 X g 


+ x 7 d Xl0 + x 9 d Xl2 + x u d Xl3 + x 14 d Xl7 + x 26 d X27 , 


(2.50) 


E a2 \A = 


- x^o Xfi 


+ x$d X7 + x$d xi0 — xi$d X20 — x 2 \d X2S — x 22 d X24 , 


(2.51) 


EqsIa = 


- X/±d Xz> 


+ XQd X7 + xi 2 d Xl5 + xisd Xlfi + xnd Xl9 — x 2 sd X2( ., 


(2.52) 


E a ^A ~ 


-- x 3 d X4 


— x id X g — x w d Xl2 — Xiq8 Xis — xigd X21 — x 24 d X2S , 


(2.53) 


EcxsIa = 


x 2 d X3 


— xgd xil — xi 2 d XVi — xi^,d Xl6 — x 2 \d X22 — x 2 3d X2i , 


(2.54) 


EcxgIa = 


x x d X2 - 


- xud Xl4 — Xisd Xl7 — Xiq8 X19 — Xi$d X21 — x 2 od X23 , 


(2.55) 


^(1,0,1) U 


— X4d X8 + xq8 X10 — xgd Xl5 + xud Xl6 — xud Xl9 + x 2 $d X27 , 


(2.56) 



%>,i,o,i) U = x s d x 6 + x $d Xg + x 8 d Xl2 + x 16 d X20 + x 19 d X23 - x 22 d X25 , (2.57) 

#(o,o,i,i) U = x ^x 6 + x 6 d X9 - x 10 d Xl5 + xi 3 d Xl8 + x 17 d X21 + x 24 d X2(i , (2.58) 

#(0,0,0,1,1) U = X2d X4 — x 7 d xil — x w d xi3 + xi 5 d Xl8 — xi$d X22 + x 23 d X25 , (2.59) 

#(0,0,0,0,1,1) U = x i&x 3 — x$d XlA — x\ 2 d Xl7 — Xi5<9x 19 + x\ 8 d X22 + x 2 od X24 , (2.60) 

#(1,0,1,1) U = ^3<9x 8 + x 6 d Xl2 + x 7 d Xl5 — x u d Xls — x u d X21 + x 2i d X27 , (2.61) 

#(0,1,1,1) \a — x 3d X7 — x±d X9 + x 8 d Xl5 — x 13 d X20 — x 17 d X23 + x 22 d X2fj , (2.62) 

#(0,1,0,1,1) U = X A 6 + x ^d Xll + x 8 d Xl3 - x 15 d X20 + x 19 d Xx24 + x 2 id X25 , (2.63) 

#(0,0,1,1,1) U — x 2d X5 + x 6 d xil — x w d Xl6 — xi 2 d Xl8 + x 17 d X22 — x 23 d X26 , (2.64) 

#(0,0,0,1,1,1) U = x i9 X4 ~ x id XlA — xi$d Xl7 + x\<jd X21 + xiq8 X22 — x 2 od X25 , (2.65) 

#(1,1,1,1) U = x 3<9xi — x id xi2 — x 5 d Xl5 + xud X20 + x u d X23 + x 22 d X27 , (2.66) 

#(1,0,1,1,1) \a = x 2d X8 + XQd xl3 + x 7 d xi6 + xgd Xl8 — xud X22 — x 23 d X27 , (2.67) 

#(0,1,1,1,1) U = X A 7 ~ X 4,9 X11 + x 8 d Xl6 + x 12 d X20 - x 17 d X2i - x 2l d X2fj , (2.68) 

#(0,1,0,1,1,1) U = x idx(j + x ^>d Xl4 + x s9 xi7 — xi 5 d X23 — x w d X24 — x 18 d X25 , (2.69) 

#(0,0,1,1,1,1) \a — x id X5 + xq8 X14 — xiod Xl9 — x\ 2 d X21 — x\ 3 d X22 + x 2 od X26 , (2.70) 

#(i,i, 1,1, i\a = x 2d Xl0 — x±d xi3 — x^d Xl6 — xgd X20 + xi4<9 X24 — x 2 id X27 , (2-71) 

#(1,0,1,1,1,1) U = x i9 xa + x 6^xi7 + x 7d xi9 + x $d X21 + xud X22 + x 20 d X27 , (2.72) 

#(0,1,1,2,1) \a — x 2d Xg — x 3 d Xll + x 8 d Xls — x w d X20 — x\ 7 d X2h + xi 9 d X2fi , (2.73) 

#(0,1,1,1,1,1) U = x id X7 — x^d XlA + x 8 d xig + xi 2 d X23 + xi 3 d X24 + xi 8 d X2fj , (2.74) 

#(1,1,1,2,1) \a — x 2d Xl2 — x 3 d Xl3 — x§d Xls + x 7 d X20 + xud X25 + xigd X27 , (2-75) 

#(1,1,1,1,1,1) U = ^i^xio — x id Xl7 — x 5 d xig — x 9 d X23 — xnd X24 + xi 8 d X27 , (2.76) 

#(0,1,1,2,1,1) U = x i&x9 ~ ^3^X14 + x sd X21 — x w d X23 + xizd X25 — xi e d X2fj , (2.77) 

#(1,1,2,2,1) U = x 2d Xl5 - x 3 d Xl6 + x A d Xl8 - x 6 d X20 - x u d X26 - x 17 d X27 , (2.78) 

#(1,1,1,2,1,1) \a = x i9 xi2 — a^3^i7 — x 5d X21 + x id X23 — xnd X25 — xiQd X27 , (2.79) 

#(0,1,1,2,2,1) \a — x id Xll — x 2 d Xl4 + x 8 d X22 — x\od X24 — x\ 2 d X25 + x\§d X26 , (2.80) 

#(1,1,2,2,1,1) U = ^i^xis — x ?>d Xl9 + x±d X21 — x 6 d X23 + xnd X2fj + xi 3 d X27 , (2-81) 

#(1,1,1,2,2,1) \a — x id Xl3 — x 2 d xi7 — x 5 d X22 + x 7 d X24 + x 9 d X25 + xi 5 d X27 , (2.82) 

#(1,1,2,2,2,1) \a — x id Xl6 — x 2 d Xig + x/±d X22 — x§d X24 — xgd X26 — x\ 2 d X27 , (2.83) 

#(1,1,2,3,2,1) U = ^i^xis — x 2d X21 + x 3 d X22 — x 6 d X25 + x 7 d X26 + x w d X27 , (2.84) 

#(1,2,2,3,2,1) U = ^i^o - x 2d X23 + x 3 d X24 - x 4 d X25 + x 5 d X2fj + x 8 d X27 , (2.85) 

E- a \ A = -r{E a \ A ) forae$+ 6 , (2.86) 

27 

a r \A = y^ j a-i,rXid Xi for re 1,7 (2.87) 
i=i 

with a i)T given in the following table: 
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Let 

a = 2ai + 3a 2 + 4a 3 + 6a 4 + 5a 5 + 4a 6 + 3a 7 . (2.88) 

Then 

(a, Or) = for r G 176 (2.89) 
by the Dynkin diagram of E 7 . Thanks to (2.10), 



[a,Q D(i ]=0. (2.90) 

By Schur's Lemma, a\y = cY^=i x i9x l - According to the coefficients of x\d Xl in (2.87) 
and Table 1, we have that 
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a\ A = J2^ = D (2.91) 

i=i 

is the degree operator on A. 

3 Extended Representation of E? 

In this section, we realize the simple Lie algebra of type E 7 in terms of first-order 
differential operators on the polynomial algebra in 27 independent variables. 

Recall that a singular vector of Q Eli is a nonzero weight vector annihilated by positive 
root vectors. According to Table 1, we find a £ £6 -singular vector 

Cl = XiXu + X 2 Xu + X3X9 + x A x 7 - x 5 x 6 (3.1) 

of weight Ai as (3.1)-(3.6) in [X2]. Note 



E. 




A = 


-x 8 d X5 


— x\od Xr — x\2d x& 


— Xl3d Xll 


- x 17 d Xl4 


— x 27 d X26 , 


(3.2) 


E. 


-a 2 


u = 


XqO X4 


— x 7 d X5 — xiod Xs 


+ ^20^xi 8 


+ X2 3 d X21 


+ ^24^22, 


(3.3) 


E_ 


-a 3 


A = 


-x 5 d X4 


- x 7 d Xfi - x 15 d Xl2 


XK)d Xls 


— Xigd Xl7 


+ X2&d X25 , 


(3.4) 


E. 


-Q4 


A = 


x A d X3 


+ Xgd Xr + Xi2d XlQ 


+ x i S d Xl6 


+ ^21^x19 


+ X 2 5d X24 , 


(3.5) 



E- as \ A = ~x 3 d X2 + x u d xg + x 13 d Xl2 + x w d Xl5 + x 22 d X21 + x M d X23 , (3.6) 

E- ae \a = -x 2 d Xl + x u d Xll + x 17 d Xl3 + xi 9 d xie + x 2 id Xl8 + x 23 d X20 (3.7) 

by (2.50)-(2.55) and (2.86). 

As (3.7)-(3.24) in [X2], we set by (3,2)-(3.7) that 

C2 = xixi 7 + x 2 xi 3 + X3X12 + X4X10 - x 6 x 8 , (3.8) 

( 3 = Xl x 19 + x 2 x w + X3X15 + a; 5 a;io - x 7 x 8 , (3.9) 

C4 = —X1X21 - X 2 Xi 8 + X4X15 - X5X12 + x 8 x 9 , (3.10) 

C5 = 3^22 - £3^18 - x 4 x 16 + x 5 x 13 - x 8 Xu, (3.11) 

Ce = ^1^23 + 2^20 + x 6 x 15 - x 7 x 12 + x 9 x w , (3.12) 

C7 = -XiX 24 + X 3 X 20 - XqXiq + X 7 Xi 3 - XiqXu, (3.13) 

Cs = x 2 x 22 + £3^21 + x 4 x 19 - x 5 x 17 + x 8 x u , (3.14) 

C9 = xix 25 + x 4 x 20 + x 6 xi 8 - x 9 xi 3 + xux 12 , (3.15) 

ClO = ~X 2 X 24 - X 3 X 23 + ^6^19 - ^7^17 + X W X 14 , (3.16) 

Cll = XiX 26 - X 5 X 20 - X 7 X 18 + X 9 X W - XuXi 5 , (3-17) 

C12 = ^2^25 - ^4^23 - 2^21 + ^9^17 - ^12^14, (3.18) 

Cl3 = X 3 X 25 + ^4^24 + 2^22 ~ XuX 17 + ^13^14, (3.19) 

Cm = x x x 27 - x 8 x 20 - x w x 18 + x 12 x w - x 13 x 15 , (3.20) 

Cl5 = 2^26 + ^5^23 + ^7^21 - ^9^19 + ^14^15, ( 3 -21) 

Cl6 — ^3^26 ~~ X5X24 — 2:7^22 + XuX\ 9 — X14X1Q, (3.22) 

Cl7 = — 2^2^27 — X 8 X 23 ~~ XiqX 2 \ + ^l 2 Xig — £15X17, (3.23) 

Cl8 = ^4^26 + X 5 X 25 + 2^22 - X U X 21 + X 14 X 18 , (3.24) 

C19 = -2^27 + x 8 x 2A + ^10^22 - ^13^19 + x 16 x 17 , (3.25) 

C20 = -3^26 - X 7 X 25 + X 9 X 2A - X IX X 23 + X14X20, (3.26) 

C21 = -X4X27 - 3^25 - 2:122:22 + ^13^21 - x 17 xi 8 , (3.27) 

C22 = ^5^27 - ^8^26 + ^15^22 - ^16^21 + ^18^19, (3.28) 

C23 = XqX 27 + ^10^25 - ^12^24 + ^13^23 ~ ^17^20, (3.29) 

C24 = -2:7^27 + x lQ x 2& + x 15 x 24 - x 16 x 23 + x 19 x 20 , (3.30) 

C25 = -2^27 + Xi 2 X 26 + Xi 5 X 25 - Xi 8 X 23 + x 20 x 21 , (3.31) 

C26 — ~ X U X 27 + ^13^26 + ^16^25 — X± 8 X 2 4 + X 2 oX 22 , (3.32) 

C27 = -£142:27 + X17X26 + 2:192:25 - 2:212:24 + ^22^23- (3.33) 

Then 

27 

U = Y, C b ( 3 - 34 ) 

i=i 

forms an irreducible (^-module with highest weight Ai. 



By (2.50)-(2.55) and (3.1)-(3.33), we calculate 

E ai \u = (id( 2 + Cii%4 _ Ci5<9ci 7 - Ci6«9ci9 _ Ci8%i - (2od( 23 , 

E a2 \u = C4<9c 6 + C5% + C^Clo ~~ Cl8<% ~~ C21% 3 ~~ C22% 4 > 
^03 It/ — C2<% — C9%i — Cl2<% 5 — Cl3% 6 ~ C21<% 2 ~ C23<%4> 
E a4 \u = (3% + (7^(9 + Cl0<9ci2 + Cl6<9ci S + Cl9<9< 2 i - C24% 5 , 
-E'tislt/ — + C6% + Cl2% 3 + Cl5<% 6 + Cl7% 9 - C25<9C2 6 > 

E a6 \u = Csfys + C7<%o + C9<% 2 + Cll% 5 — Cl4<% 7 ~ C26% 7 > 
E- ai \u = -(2% ~~ Cl4%i + Cl7<9ci 5 + Cl9<9ci 6 + C21<9ci 8 + (23d( 20 , 
E- a2 \u = ~ C6<% ~ C7<% — ClO<% + C20^Cis + C23<%i + C24<% 2 > 
E-a 3 \u = -(3^2 + Cll^Cg + Cl5<9ci2 + Cl6<9fi 3 + C22^ 21 + (24^23, 
E- a4 \u = ~Ud(; 3 - (9% - Cl2<%„ - Cl8<% 6 ~~ C21^Ci 9 + C25% 4 ) 
E-a 5 \u = — C5<% — C7<9ce — Cl3^Ci2 — Cl6<% 5 — Cl9<% 7 + C26<% 5 > 
E-a 6 \u = -C8<9cs ~~ (10% — Cl2<9^ 9 - Cl5<9cn + Cl7% 4 + C27<%, 6 - 

Moreover, (2.84) and Table 1 give 

27 

a Au = ^2h,r(i d Ci for r E M> 

i=l 

with bi tr given in the following table: 

Table 2 





6i,i 


bi,2 


k,3 


bi,4 


bi,5 


h,6 


% 


bi,i 


k,2 


6i,3 


bi,4 


bi,5 




1 


1 

















2 


-1 





1 











3 








-1 


1 








4 





1 





-1 


1 





5 





1 








-1 


1 


6 





-1 








1 





7 





-1 





1 


-1 


1 


8 





1 











-1 


9 








1 


-1 





1 


10 





-1 





1 





-1 


11 


1 





-1 
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12 
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-1 


1 


-1 


13 








1 





-1 





14 


-1 
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15 


1 





-1 





1 


-1 


16 


1 





-1 
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-1 





17 


-1 
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-1 


18 
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1 





-1 








19 


-1 
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-1 





20 
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-1 














21 


-1 
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-1 








22 





1 


-1 











23 


-1 


-1 


1 











24 





-1 


-1 


1 








25 











-1 


1 





26 














-1 
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27 

















-1 

















Recall that the Lie bracket in the algebra A of differential operators (cf. (2.48)) is 
given by the commutator 

[d 1 ,d 2 \ = d 1 d 2 -d 2 d 1 . (3.48) 



(3.35) 

(3.36) 
(3.37) 
(3.38) 
(3.39) 
(3.40) 
(3.41) 
(3.42) 
(3.43) 
(3.44) 
(3.45) 
(3.46) 

(3.47) 



Write 

27 



V = Y t Cd Xi . (3.49) 



i=i 

Then V forms a (/^-module with respect to the action 

u(d) = [u\ A , d] for u G Q E \ deV. (3.50) 

On the other hand, Q± (cf. (2.25)-(2.39)) form (^-modules with respect to the adjoint 
representation. According to (2.44) and (2.45), the linear map determined by r]i h- >■ x,i for 
% G 1, 27 gives a C? E6 -module isomorphism from to V. Moreover, 



&h) = ~kj for i,je 1,27 (3.51) 



by (2.12). The fact d Xi (xj) = 5ij for i,j G 1,27, (2.13) and (3.51) show that the linear 
map determined by £j H- for i G 1, 27 gives a £/ £e -module isomorphism from Q + to Z>. 
Hence we define the action of Q + on A by 



Si\ A = d Xi for i 6 1, 27. (3.52) 
Recall the Witt Lie subalgebra of A: 



27 



W 27 = J2Ad xv (3.53) 



i=l 



Now we want to find the differential operators Pi, P 2 , P27 G W24 such that the following 
action matches the structure of Q E7 \ 



Vl \ A = Pi for 1 G 1,27. (3.54) 

Comparing the weights in Table 1 and Table 2, we use (3.1) and (3.8)-(3.33) to assume 

Pi = x x D + ciCi^xM + c 2 C2'9 a;i7 + caCs^xw + ^CA^ + c 5 ( 5 d X22 

+C6( 6 d X23 + c 7 ( 7 d X24 + c 9 ( 9 d X25 + cnCnftraa + c uCud X27 , (3.55) 

where c« G C. Imposing 
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[9a,i, -Pi] = [£i»*7i]U = -®7\a = 2xi9xi + y* J x i d Xi 

i=2 

+a;i5<9x 15 + a;i6^i6 + xi 8 d xia + x 20 d X20 (3.56) 
by (2.87) and Table 1, we get 

Cl = C 2 = C 3 = — C4 = C 5 = C 6 = -C 7 = C 9 = Cn = Ci4 = -1 (3.57) 

by (3.1), (3.8)-(3.13), (3.15), (3.17) and (3.20). Thus 

Pi = X\D — (\d Xl4 — C^ 2 d Xl7 ~ Csd Xl9 + C^x 2 i — C5<9x 22 

— C6<9x 23 + (rd X24 — C9<9x 25 — Cii<9x2 6 — (ud X27 . (3.58) 
According to (3.1), (3.8)-(3.13), (3.15), (3.17) and (3.20), we find 

[dx2i Pi] = x ±d X2 — x ud xi4 — x 13 d Xl7 — xi 6 d Xig — xi%d X21 — x 20 d X23 , (3.59) 



[d X3 , Pi] = xid xa - x 9 d Xl4 - x 12 d Xl7 - x 15 d Xl9 + x 18 d X22 + x 20 d X24 , (3.60) 

[d X4 , Pi] = xid X4 - x 7 d Xl4 - x w d Xl7 + x 15 d X21 + x 16 d X22 - x 20 d X25 , (3.61) 

[d X5 , Pi] = xid X5 + x 6 d xi4 - x w d x 19 x i2d X21 x isd X22 + x 2 qO X25 , (3.62) 

[fixe? Pi] = x i9 X6 + x 5d xi4 + x 8dxi 7 ~ x i5d X23 — xiQd X24 — xi 8 d X25 , (3.63) 

[d X7 , Pi] = x x d X7 - x 4 d xi4 + x 8 d xig + x 12 d X23 + x 13 d X24 + x 18 d X26 , (3.64) 

[d xs , Pi] = £i9x g + x 6 (9 Xl7 + :r 7 9xi 9 + x 9 d X21 + Xn9x 22 + x 2 o<9x 2 7 5 (3.65) 

[d Xg , Pi] = x id xg - x 3 d Xl4 + x 8 d X21 - x w d X23 + x 13 d X25 - x w d X26 , (3.66) 

[9xi , Pi] = ^l^io — x a9 Xi7 — X^d Xl9 — Xgd X23 — X\\d X24 + X\ 8 d X27 , (3.67) 

[dsn, -Pl] = xidxu - x 2d Xl4 + x 8 d X22 - x 10 d X24 - x 12 d X2S + x 15 d X26 , (3.68) 

[9x12, -fi] = x idxi 2 — 2^9x17 — x 5 d X21 + x 7 d X23 — x\\d X2h — xi e d X27 , (3.69) 

[9a,i3, Pi\ = x idx 13 — x 2d Xl7 — x 5 d X22 + x 7 d X24 + x 9 d X25 + x 15 d X27 , (3.70) 

[9xi5, Pi] = x idx 15 — 3^9x19 + x 49x 2 i — ^9x23 + x ii9x 26 + ^139x27, (3-71) 

[9xi 6 , Pi] = x idx lfi — x 2d Xig + a;49x 2 2 — x &d X24 — xgd X26 — xi 2 d X27 , (3.72) 

[9xi 8 , Pi] = x id Xls ~ x 2d X21 + x 3 d X22 — xq8 X25 + xjd X2(i + xio9x 27 , (3.73) 

[9x 20 , Pi] = £i9x 20 - x 2 d X23 + x 3 d X24 - x 4 9x 25 + x 5 d Xw + x 8 d X27 , (3.74) 

[x r ,Pi] = for r = 14,17, 19,21,22,23,24,25,26,27. (3.75) 

On the other hand, if [^,771] 7^ for % > 2, then it is equal to the vector obtained 
by deleting the last coordinate 1 by (2.27)-(2.33). For instance, £i 8 = P(i, 1,2,3,2,1,1) anc ^ 
fog,*?!] = P(i,i,2,3,2,i)- By (3.58)-(3.73) and correspondingly (2.55), (2.60), (2.65')', '(2.70), 
(2.69), (2.74), (2.72), (2.77), (2.76), (2.80), (2.79), (2.82), (2.81), (2.83)-(2.85), we have: 



[d Xi ,Pi] = [£i,Vi]\A for iel,27. (3.76) 

Expressions (2.50)-(2.55), (3.35)-(3.40) and (3.48) imply that Pi is a ^-singular 
vector in W 27 with weight A6- Since — [P_ ag ,xi] = x 2 , we set 

P 2 = -[P_ Q6 , Pi] = x 2 D - Ci9x u - C29x 13 - Cs9xi 6 + C49x i8 

~ (g^o ~~ Csd X22 + Cio9x 24 — Ci29x 25 — Ci59x 26 + (i7d X27 (3.77) 

by (3.7), (3.46) and (3.58). As — [E_ as ,x 2 ] = x 3 , we take 

P 3 = -[E- aB , P 2 ] = x 3 D - Ci9x 9 - C29xi 2 - Cs9xi 5 + C59xi 8 

— C79x 20 — Cs9x 2 i + Cio9x 23 — Ci39x 25 — Ci69x 26 + Ci99x 27 (3.78) 

by (3.6), (3.45) and (3.77). Thanks to — [E_ a4 ,x 3 ] = x 4 , we have 
Pt = — [E- a4 , P 3 ] = x 4 D — Ci9x 7 — C29xi — C49xi5 + Cs9x 16 

— Cs9xi 9 — C99x 20 + Cl29x 23 — Cl39x 24 — Cl89x 26 + C2l9x 27 (3.79) 

by (3.5), (3.44) and (3.78). Due to — [E- a3 ,x/^ = x 5 , we write 



C13 



P5 — ~[P-a 3 , P4] — X $D + Ci9x 6 — Cs9xi + C49xi2 — Cs9xi 

+ C89xi7 + Cll9x 20 — Cl59x 23 + Cl69x 24 ~~ Cl89x 25 _ C229x 27 (3.80) 



by (3.4), (3.43) and (3.79). Since — [E_ a , 2 ^x^\ = x 6 , we denote 
P 6 = - [E_ a2 , P 4 ] = x 6 D + ( ± d X5 + ( 2 d X8 - ( 6 d xi5 + ( 7 d Xl6 

— CAis — ClO^ig + Cl2<9x 2 i — Cl3<9:r22 + C2o9 X2(i — (23d X27 (3.81) 

by (3.3), (3.42) and (3.79). As -[E_ a3 ,x 6 ] = x 7 , we denote 

P 7 = -[E-oq, P 6 ] = x 7 D - dd X4 + ( 3 d xa + ( 6 d Xl2 - ( 7 d Xl3 

+Cwd xi7 + Cn^xis ~~ Ci5^2i + Ci6^x22 + (2od X25 + C, 24 d X27 (3.82) 

by (3.4), (3.43) and (3.81). Thanks to -[E_ ai ,x 5 ] = x 8 , we find 

P 8 = -[E_ a2 , P 5 ] = x 8 D + ( 2 d X6 + ( 3 d X7 - ( 4 d X9 + ( 5 d xil 

— Csd Xl4 + (ud X20 + (i 7 d X23 — (igd X24 + (2id X25 + (22d X26 (3.83) 

by (3.2), (3.41) and (3.80). 

Since [E_ a4 ,x 7 } = x$, we take 

P% = [E-a 4 , Pi] = XqD — (\d X3 — C4<9a; 8 ~ C6<9:r 10 + 

—(i2d xi7 — (nd Xl6 + Ci5<9xi 9 — Ci8<9x 2 2 — (2od X24 + C25<9x27 (3.84) 
by (3.5), (3.44) and (3.82). As [E_ ai ,x 7 ] = -x w , we let 

Pio = — [E-ai, P7] — %wD — (2d X4 — ( 3 d X5 — (ed X9 + ( 7 d Xll 

—(wd Xl4 + (ud Xls + (l 7 d X21 — Cl9<9x 22 — C23<9a;25 — C24<9rr 2 6 (3.85) 

by (3.2), (3.41) and (3.82). Due to [E_ a5 ,x 9 ] = Xu, we take 
Pu = [E-at, Pi] = xuD - (id X2 + ( 5 d X8 + ( 7 d Xl0 - ( 9 d Xl2 

+Cll^xi5 + Cl3<9a;i 7 — Cl6<9rri9 + Cl8<9x2i + (2o9 X23 + C2§d X27 (3.86) 

by (3.6), (3.45) and (3.84). Thanks to — [EL ai , xg] = x± 2 , we find 
P12 = — [E- ai , P9] — x 12 D — (2d X3 + C^xs + (ed X7 — (gd xil 

+Cl2^i4 ~ Cl4^xi 6 — Cl7^xig + (2l9 X22 + ( 23 d X24 ~ C25<9x 26 (3.87) 

by (3.2), (3.41) and (3.84). Due to [E^ a5 ,xi 2 ] = xi 3 , we write 
Pis = [E~ a5 ,Pi 2 ] = x 13 D - ( 2 d X2 - ( 5 d X5 - ( 7 d X7 + ( 9 d X9 

— Cl3<9xi4 + (u9 Xl5 + Cl9<9xi9 — C2A21 — C23"9x23 ~~ C26<9;r26 (3.88) 

by (3.6), (3.45) and (3.87). Equation [E- a6 ,xu\ = x u , we let 

Pu = [E-a 6 , Pn] = x u D — (id Xl — (sd X8 — (iod Xw + (i2d Xl2 

— Ci3^xi 3 — Ci5<9xi 5 + Ci6<9xi 6 — Ci8<9xi 8 — (2od X20 + C, 2 id X27 (3.89) 

by (3.7), (3.46) and (3.86). 

As -[E_ a3 ,x 12 \ = xi 5 , we get 

P15 — ~ [E- a3 , P12] — ~ C3<9x 3 — (id X4 — (ed X6 + Cll^xn 

+Cl4<9a;i3 — Cl5^xi4 + Cl7^xi 7 — C22<9x 22 — C24<9x24 — C2$d X25 (3.90) 



• ( 27 d X25 (3.94) 



by (3.4), (3.43) and (3.87). Thanks to [E_ a5 ,x 15 ] = x 16 , we let 
Pig — [E-a 6 , -Pis] — XieD — C?>d X2 + + Ci9 x& — C1A9 

_ (u9 xi2 + Cl6^xi4 — Cl9^xi7 + C22<9x 2 i + C2±d X2 . A — C26<9x25 (3.91) 

by (3.6), (3.45) and (3.90). Due to — [E- ai ,xu] = x 17 , we get 

Pn = = -[E- ai ,P 14 \ = x 17 D - ( 2 d Xl + ( s d X5 + ( 10 d X7 - (i 2 d xg 

+Cl3^xn + Cl7<9:ci5 — Ci9d Xl6 + (2id xi8 + (,2?>d X20 — C, 27 d X2fi (3.92) 

by (3.2), (3.41) and (3.89). Since [E_ a4 , x 16 ] = x 18 , we find 

Pis = [E_ a4 , P 16 ] = x 18 D + ( 4 d X2 + ( 5 d X3 - ( 9 d X6 + ( u d X7 

+(ud xi0 — Cl8<9o:i4 + (2l9 Xl7 — C22<9xi9 + C25<9x 23 + (26d X24 (3.93) 

by (3.5), (3.44) and (3.91). 

Thanks to [E_ afi ,xiQ} = x\g, we calculate 

Pl9 — [E-a 6 i Pl&] — X\gD — C,?,d Xl — C&dxi — Cl0<9x 6 + Cl5^a; 9 
— Cn9 Xl2 — Cl6^xn + Cl9^xi3 — C22^a;i 8 — C2i9 X20 — C27 

by (3.7), (3.46) and (3.91). As [E_ a2 ,xi 8 ] = x 20 , we have 

P20 = [E- a2 , P±s] = x 20 D — Cq8 X2 — C, 7 d X3 — C$dx A + Ch^xb 

+Cl4^ s — C20^i4 + C21,d Xl7 — C24<9x 19 — C25<9x 2 i — C26<9x 22 

by (3.3), (3.42) and (3.93). Since [E_ a4 ,xi 9 ] = x 2i , we let 

P 2 l = [E_ a4 , P 19 ] = X 21 D + Cid Xl — C8^ 3 + Cl2<9a; 6 ~ Cl5^o;7 

+Cl7<9a;io + Cl8^ xil — (2ld Xl3 + C22<9xi 6 — C25<9x 20 + C27^a;24 

by (3.5), (3.44) and (3.94). Equation [E- a6 ,x 2 i] = x 22 , we write 

P 22 = [E_ a& , P 2 i] = X 22 D — Cb^X! — Cs&x 2 ~ Cl3^x 6 + Cl6^x 7 

— Cl9^xio ~ Cl&dxg + C,2id Xl2 — (229 X15 — (,2&d X20 — C,2jd X23 

by (3.6), (3.45) and (3.96). 

Note that the equation [E_ a2 ,x 2 i] = x 23 gives rise to 

P 23 = [E_ a2 , P 2 i] = x 23 D - ( 6 d Xl + Cio9 Xs + (i2d X4 - (i 5 d X5 

+Cnd X8 + C20<9rii — C23<9a;i3 + C24<9 Xl6 + C25<9x 18 — C27<9x 2 2 

by (3.3), (3.42) and (3.96). Since [E_ a2 ,x 22 ] = x 24: , we write 

P24 = [E- a2 , P 22 ] = x 24 D + ( 7 d xi + (i d X2 - Ci3^ 4 + Cwd x 

— (l9d Xfi — (2o9 X9 + (23d Xl2 — (24d Xl5 + C26<9xi 8 + C27S 

by (3.3), (3.42) and (3.97). As [E^ a4) x 24 \ = x 25 , we write 

-P25 — [E-a4i P24] — X 2 FjD — (gd xi — (i2d X2 — Cl3^x 3 — Cl8"9x 
+C21^x 8 + (2()d X7 — C23<9xio — C25^xis — (2e,d Xl6 — C 2 7<9: 



(3.96) 



J x 5 

9 



by (3.5), (3.44) and (3.99). Thanks to [£L Q3 , X25] = ^26, we write 

-P26 — [E- a3 , P25] = X2qD — (ud xi — Cl5^X2 ~~ Cl6^x 3 ~~ Cl8<9a; 4 
+C22<9a; 8 + (2o9 X6 ~ (2<id Xl0 ~ C,2h9 Xl2 ~ ^2^x lz ~ C27^i 7 

by (3.4), (3.43) and (3.100). Due to — [E- ai , x 26 ] = £27, we write 

P 2 7 = -[-B-ai , Ae] = ^27-D - (ud Xl + Cl7^ 2 + Cl9^ 3 + ( 2 ld X4 
~Cl2d Xb — (23d Xfj + C,2a9 X7 + (25d X9 + C26<9rrii + C27<9;ri4 



(3.101) 



(3.102) 



by (3.2), (3.41) and (3.101). 
Set 



27 



V = J2CP U C = Q Ee \ A + CD (3.103) 
1=1 

(cf. (2.50)-(2.87) and (2.91)) and 

C = V + C + V (3.104) 

(cf. (3.49)). Then we have: 

Theorem 3.1. The space C forms a Lie subalgebra of the Witt algebra W27 (cf. 
(3.53)). Moreover, the linear map d determined by 

= d Xi , &(m) = Pi, #(«) = u\ A for % G 1727, u G G Ee (3.105) 

and 

13 

■&(a 7 ) = -2xid Xl - ^ Xjd Xi - x 15 d Xl5 - x 16 d Xl6 - x 18 d Xl8 - x 20 d X20 (3.106) 

i=2 

(cf. (2.87) and Table 1) gives a Lie algebra isomorphism from Q Er to C. 
Proof. Since V = Q + as (^-modules, we have 

Go + Q+ & Co + V (3.107) 

as Lie algebras. Denote by U(Q) the universal enveloping algebra of a Lie algebra Q. Note 
that 

B- = g + G-, B + = g + g + (3.108) 

are also Lie subalgebras of Q Er and 

g E i = B _ @ g + = g_Q )B+ , (3.IO9) 

We define a one-dimensional £L-module C«o by 

w(uq) = for w G p)^, S(tio) = -27w (3.110) 

(cf. (2.88)). Let 

= u(g E7 ) ® B _ Cu = u(g + ) ® c Cu (3.111) 

be the induced g Er -modu\e. 



Recall that N is the set of nonnegative integers. Let 

A' = C[d Xl ,d X2 ,...,d X27 }. (3.112) 
We define an action of the associative algebra A (cf. (2.48)) on A' by 

27 27 

^(n^) =9 £ +i uu^ ( 3 - 113 ) 

J=l i^jGl,27i =1 

and 

27 27 



for i e 1,27. Since 



[-Xi,d Xj ] = [d Xi ,Xj] = 5ij for i,j G 1,27, (3.115) 



the above action gives an associative algebra representation of A. Thus it also gives a Lie 
algebra representation of A (cf. (3.48)). It is straightforward to verify that 

[dU>,d\ A >] = [d,d]\ A , for d G C , d G V. (3.116) 

Define linear map q : ^ — > A' by 

Sifltf ® «o) = f[di : (4,.. G N 27 . (3.117) 

i=i i=i 

According to (2.50)-(2.87), (3.113) and (3.114), 

D(l) = -27, d(l)=0 for de o(10,C)U. (3.118) 
Moreover, (3.110), (3.111), (3.113), (3.114) and (3.118) imply 

s(Z(v)) = m<v) for z e g ,vey. (3.119) 

Now (3.111) and (3.113) imply 

q(w{u)) = $(w)(q{u)) for w G B+, uE^. (3.120) 

Thus we have 

qwltf- 1 = &(w)\ A i for w G (3.121) 
On the other hand, the linear map 

i/;( v ) = qv^q- 1 for v G Q E7 (3.122) 
is a Lie algebra monomorphism from Q Er to A|^/. According to (3.76) and (3.115), 

il>(rn) = Pi\A>- (3.123) 
By the constructions of P 2 , ■■■■ l Pn in (2.77)-(2.102), we have 



i>{Vi) = Hx for i G 2, 27. (3.124) 



Therefore, we have 

if)[v) = $(v)\ A , iorveg Er . (3.125) 

In particular, C\jj = &(G E7 )\a' — ^(G E7 ) forms a Lie algebra. Since the linear map 
d H> d\j\; for d G C is injective, we have that C forms a Lie subalgebra of A and d is a Lie 
algebra isomorphism. □ 

By the above theorem, a Lie group of type E 7 is generated by the linear transformations 
{ e bu\ A | e M e ^Be} assoc i a ted with (2.50)-(2.87), the real translations and dilations 
in J^ilxMxj, and the fractional transformations {e bPi \ b G R, i G 1,27} such as 

e bPi - - x 



Xi) = , i G {1,13, 15,16,18,20}, (3.126) 
6P. / x 6(x 2 a:ii + x 3 :r 9 + x 4 x 7 - x 5 x 6 ) 

e l(x u )=x u , (3.127) 

1 — ox i 

bP. i \ b(x 2 x 13 + x 3 x 12 + x 4 x w - x 6 x 8 ) , no s 

e 1 (x l7 )=x 17 _ — , (3.128) 

bp, , \ b(x 2 x w + x 3 x 15 + x 5 x 10 - x 7 x 8 ) . . 

e 1 (x 19 )=x 19 , (3.129) 

1 — 0x1 

bP, 1 \ b(x 2 X X8 - 3:4X15 + ^5^12 - X S Xg) /q 1 on\ 

e 1 {x 21 )=x 21 , (3.130) 

1 — 0x1 

bPu \ , b(x 3 x 18 + x 4 x 16 - x 5 x 13 + x 8 x u ) ,„.„.> 

e {X22) = x 2 2 H 7 , (3.131) 

1 — 0x1 

bPl , \ b(x 2 x 20 + x 6 x 15 - x 7 x 12 + x 9 x w ) 

e 1 {x 23 )=x 23 , (3.132) 

1 — 0x1 

bPu \ , K X Z X 2Q ~ X & X 1& + X 7 X 13 - XwXn) , oo\ 

e \x 24 )=x 24 A , (3.133) 

1 — 0x1 

b Pll \ b{x A X 2Q + X 6 X 18 - X 9 X 13 + X n X 12 ) fotiA\ 

e 1 {x 25 )=x 25 , (3.134) 

1 — 0x1 

bPu \ , 6(^5^20 + ^7^18 - X$Xi & + X U X 15 ) /oior\ 

e 1 {x 2 6) = x 26 H , (3.135) 

1 — 0x1 

bPw \ , b( X 8 X 20 + ^10^18 — ^12^16 + ^13^15) / -, or \ 

e 1 (x 27 ) = x 27 H (3.136) 

1 — 0x1 

by (3.1)-(3.7), (3.9), (3.11), (3.14) and (3.58). 

Later, we need the following Dickson's Q Ee -invariant: 

X = Xi(x 47 x 2& + x 19 x 25 - x 21 x 24 + x 22 x 23 ) - x X4 {x x x 27 - X 8 X 20 - X 1Q X X8 + x 12 x 16 

-X\ 3 Xi 5 ) + x 2 (xi 3 x 26 + x w x 25 - x 18 x 24 + x 20 x 22 ) - x u (x 2 x 27 + X 8 X 23 + X 10 X 21 
-x 12 x 19 + x 15 x 17 ) + x 3 (x 12 x 26 + x 15 x 25 - x 18 x 23 + x 20 x 21 ) - x 9 (x 3 x 27 - X 8 X 24 
-x l0 x 22 + x 13 x l9 - x 16 x 17 ) + x 4 (x w x 2e + x 15 x 24 - x m x 23 + x l9 x 20 ) - x 7 (x A x 27 

+^8^25 + ^12^22 - ^13X21 + X 17 X 18 ) + X 5 (x l0 X 25 - X 12 X 24 + X 13 X 23 - X 17 X 20 ) 

+x e (x 5 x 27 - x 8 x 26 + x 15 x 22 - x 16 x 21 + x 18 x 19 ). (3.137) 



In [X2], we used partial differential equations to prove that any (^-singular vector in A 
is a polynomial in xi, (±, x- Moreover, 

^2 x iC^s-i ~ xuCu - x 27 (i = -3x (3.138) 

14^i€l^6 

by Table 1, Table 2, (2.50)-(2.55), (3.1), (3.8)-(3.33) and (3.35)-(3.40). 

4 Functor from E 6 -Mod to E 7 -Mod 

In this section, we construct a new functor from _E 6 -Mod to E 7 -Wlod. 
Note that 
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Si 6 = (0^*0© AE a (4.1) 

i=l ae^Eg 

forms a Lie algebra with the Lie bracket: 

[fui, gu 2 ] = fg[u!, u 2 ] for f,g e A, Mi, u 2 E Q E \ (4.2) 
Moreover, we define the Lie algebra 

K = Q%@ Ak (4.3) 

with the Lie bracket: 

[6 + /«, 6 + = [6, 6] for 6, 6 € /, 5 e A. (4.4) 

Similarly, gl(27,A) becomes a Lie algebra with the Lie bracket as that in (4.2). Recall 
the Witt algebra W27 = Y^f=i Ad Xi , and Shen [Sgl-3] found a monomorphism S from the 
Lie algebra W27 to the Lie algebra of semi-product W27 + gl(27,A) defined by 

27 27 27 27 27 

= Yl fid Xi + ^C£fid Xi ), ^E/AJ = 9M)Ei,j. (4.5) 

i=l j=l i=l i=l i , j = 1 

According to our construction of P\-P 2 i in (3.58) and (3.77)-(3.102), 

27 

Si(Pi) = $> r 3i(&-,»fc]U) for i e T727. (4.6) 

r=l 

On the other hand, 

Z = W 27 © K, (4.7) 
becomes a Lie algebra with the Lie bracket 

= [di,d 2 ] +/i^iK,«2] +c?i(5 , 2)m 2 - d 2 {gi)u 1 + (di(c/ 2 ) - d 2 (gi))K (4.8) 
for fi,f 2 ,gi,g 2 e A Wi,«2 e <? E6 and di,d 2 G W 27 - Note 

£0 = Q Ee ' ® Ca (4.9) 



by (2.41) and (2.88). So there exists a Lie algebra monomorphism g : Q — >■ /C determined 
by 

g(S) = 3k, g(u) = « for u G £^ 6 . (4.10) 

Since S is a Lie algebra monomorphism, our construction of P\-P 2 i in (3.48) and (3.58)- 
(3.102) show that we have a Lie algebra monomorphism i : Q El — > JC given by 

l(u) — u\a + q(u) for u G Qo, (4.11) 

27 

= ft*, fcfa) = P t + J2 X r^r:Vi\) for i G 1T27. (4.12) 

r=l 

According to (2.4), (2.11) and (2.34)-(2.40), 
t ( 7 7i) — Pi + x 2 E a& + # 3 -5(o,o,o,o,i,i) + ^4-5(0,0,0,1,1,1) + ^5-^(0,0,1,1,1,1) + £6-5(o,i,o,i,i,i) 

-#i£>(a 7 ) + Z7^(0,l,l,l,l,l) + £8-5(1,0,1,1,1,1) + £9-5(0,1,1,2,1,1) + ^10-5(1,1,1,1,1,1) 
+^11-5(0,1,1,2,2,1) + #12-5(1, 1,1,2,1,1) + £13^(1,1,1,2,2,1) + £15-5(1,1,2,2,1,1) 

+£16-5(1,1,2,2,2,1) + £18-5(1,1,2,3,2,1) + £20-5(1,2,2,3,2,1)- (4-13) 

Moreover, (3.7) yields 

tOfc) = -i([5;_ Q6 ,?7i]) = -[t(£?_ a6 ),fc(77i)] = -[S_ a6 U + S_ a6 ,fc(77i)] 

= P 2 — £l-5_ ae + X3^a 5 + £4-5(0,0,0,1,1) + £5-5(0,0,1,1,1) + £6-5(0,1,0,1,1) 

-# 2 £(a 6 + 0:7) + £7-5(o,i,i,i,i) + £8-5(i,o,i,i,i) + #9-5(o,i, 1,2,1) + £io-5(i,i,i,i,i) 

+£12-5(1,1,1,2,1) —£14-5(0,1,1,2,2,1) +£15-5(1,1,2,2,1) ~ £17-5(1,1,1,2,2,1) 

—£19-5(1,1,2,2,2,1) — £21-5(1,1,2,3,2,1) — £23-5(1,2,2,3,2,1)- (4-14) 

Expression (3.6) gives 

^3) = -i([5;_ Q5 , 77 2 ]) = -[i(5;_ Q6 ),t(77 2 )] = -[E_ a5 \ A + E_ a5 ,i(r]2)} 

= P 3 — #i-5( 0)0)0 ,o,i,i) — x 2 E_ a5 + #4-5 Q4 + X5.5( 0)011 ) + #6-5( ,i,o,i) 

-£3^(«5 + «6 + "7) + £7-5(o,i,i,i) + £8-5(i,o,i,i) + £io-5(i,i,i,i) - £ii-5 (0 ,i, 1,2,1) 

—£13-5(1,1,1,2,1) — £14-5(0,1,1,2,1,1) — £16-5(1,1,2,2,1) — £17-5(1,1,1,2,1,1) 

-£19-5(1,1,2,2,1,1) + £22-5(1,1,2,3,2,1) + £24-5(1,2,2,3,2,1)- (4-15) 

Furthermore, 

1(774) = -^([S-^, 773]) = -[t(E_ a J,t(r] 3 )] = -[E_ ai \ A + E_ a4 ,L(r} 3 )\ 

= P4 — £1-5(0^,0,1,1,1) — £2-5(0,0,0,1,1) ~~ #3-5-a 4 + #5-5 Q3 + a;6-5Q, 2 
7 

-x 4 q(^2 a i) - £9-5(o,i,i,i) + X8-5(i,o,i) - £i2-5(i,i,i,i) - £n-5(o,i,i,i,i) 

i=4 

-£13^(1,1,1,1,1) - £14-5(0,1,1,1,1,1) - £17^(1,1,1,1,1,1) + £18^(1,1,2,2,1) 

+£21-5(1,1,2,2,1,1) + £22-5(1,1,2,2,2,1) ~ £25-5(1,2,2,3,2,1) (4.16) 



by (3.5), 

^5) = -i([E- aa ,ri4\) = -[fcCE-oj), 1(774)] = -[E_ as \ A + E_ a3 ,L(r} 4 )] 

= P 5 — ^1-5(0,0,1,1,1,1) ~~ X 2-E'(0,0,l,l,l) ~~ X 3 -5(0,0, 1,1) ~~ ^4-5-0-3 + X 7 E a2 
7 

-X 5 g(^2 a i) + a^a! + ^9-5(0,1,0,1) - ^15-5(1,1,1,1) + Xll5( ,i,o,l,l) 
— ^16-5(1,1,1,1,1) +^145(0,1,0,1,1,1) —^195(1,1,1,1,1,1) —^185(1,1,1,2,1) 

-X 2 l5(i,i,i, 2 ,l,l) - £225(1,1,1,2,2,1) + ^265(1,2,2,3,2,1) (4-17) 

by (3.4), 

= -i([5_ a2 , 774]) = -[t(5_ Q2 ), 4(774)] = -[5_ Q2 U + 5_ a2 ,i(77 4 )] 
= Pq — ^i-5(o,i,o,i,i,i) — x 25( 0)1)01)1 ) — £35(o,i,o,i) — £45_ a2 + x-jE ai 

-X 6 g( ^2 a i) + ^5(0,0,1, 1) + £lo5(i, ,l) + £l25(i,o,l,l) + £ll5( ,o,l,l,l) 
i=2,4,5,6,7 

+£i35(i,o,i,i,i) +£i45 ( o,o,i,i,i,i) +£i75(i,o,i,i,i,i) -^0^(1,1,2,2,1) 

—£235(1,1,2,2,1,1) — £245(1,1,2,2,2,1) ~ £255(1,1,2,3,2,1) (4-18) 

by (3.3), 

= -^[E- a2 ,m]) = -[i(5_ Q2 ),i(77 5 )] = -[5_ Q2 U + S_ Q2 ,t(77 5 )] 

= P 7 — £i5( 01)11)lil) - £25( 01jl l)1) - x 3 5 ( / 0jl l)1) - £ 5 5_ a2 - x 6 E_ a3 

7 

-x 7 g(^2ai) - £ 9 5 Q4 + £i 5 Ql + £i 5 5 ( i, ,i,i) - £ii5 (0 ,o,o,i,i) 

i=2 

+£i65(i,o,i,i,i) —£i45(o,o,o,i,i,i) +£i95(i,o,i,i,i,i) + £2o5(i, 1,1,2,1) 

+£235(1,1,1,2,1,1) + £245(1,1,1,2,2,1) + £265(1,1,2,3,2,1) (4.19) 

by (3.3), 

t>(Vs) = -i([5_ Ql , 77 5 ]) = -[t(5_ Ql ),i(77 5 )] = -[E- ai \ A + E- ai ,i(ri5)] 

= P$ — £i5( 10)11)1)1 ) — £25( 10)11)1 ) — £35(io,i,i) — ^4-5( lj0 ,i) — x 5 E- ai 

—X S g( ^2 a i) + x wE a2 + £125(0,1,0,1) + £155(0,1,1,1) + £135(0,1,0,1,1) 

2^ieTj 

+£i65(o,i,i,i,i) +£i75(o,i,o,i,i,i) +£i95(o,i,i,i,i,i) + £is5( , 1,1,2,1) 

+X21 -5(0,1,1,2,1,1) + £22 5(0,1,1,2,2,1) + £275(1,2,2,3,2,1) (4.20) 

by (3.2), 

6(779) = t([5_ Q4 , 77 7 ]) = [i(E_ ai ),i{r] 7 )\ = [E_ a4 \ A + E_ a4 ,L(rj 7 )] 

= P% - ^1-5(0,1,1,2,1,1) - ^25(0,1,1,2,1) + ^4^(0,1,1,1) - £55(o,i,o,l) - ^6-5(0,0,1,1) 
7 

-x 9 g(a 4 + ^ a i) + ^75_ a4 + £i 2 5 Ql - £i 5 5( li0 ,i) - £n5 as 

i=2 

+£l85(i,o,l,l,l) — £145(0,0,0,0,1,1) + ^21-5(1,0,1,1,1,1) — #20-5(1,1,1,1,1) 

-£235(1,1,1,1,1,1) + £25 5(1,1,1,2,2,1) - £265(1,1,2,2,2,1) (4.21) 



by (3.5), 



by (3.2), 



by (3.6), 
^12) = 



by (3.5), 



by (3.6), 
^14) = 



-i([E_ ai ,r) T }) = -[i(E- ai ),i(r] 7 )] = -[E- ai \ A + £L ai , 4(777)] 

P10 - - ^2-^(1,1,1,1,1) _ ^3-^(1, 1,1,1) - %8E-a 2 - x 6 E ( ' 1i0j1) 

7 

-£io£>(^ ««) - x 7 E_ ai - x 12 E a4 - £i5-5( ,o,i,i) ~~ £i3-5(o,o,o,i,i) 
i=i 

— £16-5(0,0,1,1,1) _ ^17-^(0,0,0,1,1,1) — ^19-^(0,0,1,1,1,1) — £20-5(0,1,1,2,1) 

-£23-5(0,1,1,2,1,1) - £24-5(0,1,1,2,2,1) + ^27-^(1, 1,2,3,2,1) (4.22) 

L([E_ a5 ,r] 9 ]) = [i(E_ a5 ),i(r) 9 )} = [E_ aB \ A + E_ a5 , i(r] 9 )} 

Pll - £l-E( ,i, 1,2,2,1) + ^3-^(0,1, 1,2,1) + ^4-5(0,1,1, 1,1) - ^5 -E( , i, , 1,1) 
7 

-xug(a 4 + a 5 + an) - x e E[ 0filll) + ^(0,0,0,1,1) + x 9 E- a& 

i=2 

+X 13 E ai - Xi 6 E(i, ,i) - ^18-5(1,0,1,1) - £l4-5 Q6 + £20-5(1,1,1,1) 

+£22^5(1,0,1,1,1,1) - £24^5(1,1,1,1,1,1) - £25^5(1,1,1,2,1,1) + £26^5(1,1,2,2,1,1) (4.23) 

L([E_ a4 ,rj 10 \) = [L(E_ a4 ),L(r] 10 )] = [E_ a4 \ A + E_ a4 , i(rj 10 )} 
P 12 - £i-5( 1 ,i, 1 ,2,i,i) - £2-5(i, 1,1,2,1) + £4-5(i,i, !,i) - £6-5( 1Ali i) 

7 

-x 12 g(a 4 + ^ «») - £8-5( ,i, ,i) - x 9 E_ ai + x w E_ a4 
i=i 

— xi 3 E a5 + xi 5 E a3 — £i7-5(o,o,o,o,i,i) — £i8-5(o,o,i,i,i) + £2o-5(o,i, 1,1,1) 

-£21-5(0,0,1,1,1,1) + £23-5(0,1,1,1,1,1) - £25-5(0,1,1,2,2,1) - £27-5(1,1,2,2,2,1) (4.24) 

L{[E- a5 ,r) 12 \) = [i(E_ a5 ),i(rj 12 )} = [£- Q5 U + E_ a& , t(r] 12 )} 
P13 ~ x 1 E{ 1 

,1,1,2,2,1) + £3-5(1,1,1,2,1) + £4-5(i, 1,1,1,1) — £8-5(0,1,0,1,1) 
7 

-x 13 g(a 4 + a 5 + an) - £6^(1,0,1,1,1) + £10^(0,0,0,1,1) ~ x n E- ai 
i=i 

+£i2-5- Q5 + xiqE 03 — xnE ao + £i8-5(o,o,i,i) — £2o-5(o,i,i,i) 

-£22^5(0,0,1,1,1,1) + £24^5(0,1,1,1,1,1) + £25^5(0,1,1,2,1,1) + £27^5(1,1,2,2,1,1) (4.25) 



l([E-a 6 , Vll}) = ME-a 6 ),l(Vll)} = [E-a 6 U + E-a 6 , l(Vll)} 

Pl4 + £2-5(0,1,1,2,2,1) + £3-5(0,1,1,2,1,1) + £4-5(0,1,1,1,1,1) - £5-5(0,1,0,1,1,1) 
6 7 

-X U g(^2 a r + ^ a i) - £6-5(0,0,1,1,1,1) + £7-5( , ,0,l,l,l) + ^9^(0,0,0,0,1,1) 
r=4 i=2 

+X n E_ af . + X 17 E ai — Xig^i^l) — £21-5(1,0,1,1) — £22-5(1,0,1,1,1) 

+£23-5(1,1,1,1) + £24-5(1,1,1,1,1) + £25-5(1,1,1,2,1) - £26-5(1,1,2,2,1) (4.26) 



by (3.7), 

t(Vib) = ~i<([E-a 3 , V12]) = -[t{E_ a2 ),i{r} 12 )\ = -[E_ as \ A + E_ a3 ,t(r) 12 )] 

= Pl5 - ^1^(1,1,2,2,1,1) _ ^2-^(1,1,2,2,1) + X 5-5(i, 1,1,1) ~ ^^(l^l.l) 

7 

-x 15 g(a 3 + a 4 + ^ «i) - £8-5( ,i,i,i) + xgE'^ 0A) + £io-5( OA i,i) 



by (3.4), 



—Xi 2 E_ a . 3 — Xi 6 E a5 + £18-5(0,0,0,1,1) — ^19-^(0,0,0,0,1,1) — £20-5(0,1,0,1,1) 
+£21-5(0,0,0,1,1,1) - £23-5(0,1,0,1, 1,1) + ^26-5(0,1,1,2,2,1) + £27-5(1,1, 1,2,2,1) (4.27) 



L (Vw) = t([-5_ QB , 7715]) = HE_ a5 ),i(r] 15 )] = [E_ a5 \ A + E_ a5 ,i(r) 15 )} 

= Pi 6 — xiE'( ll 2 2 2 Vj + x^E[ ll22V) + £5-5( lj i, 1 ,i, 1 ) — £7-5(i, ,i,i,i) 

5 7 

-x 1& q(Y^ a r + Y ai ) ~ x * E {o,i,i,i,i) + ^10^(0,0,1,1,1) + ^n-5(i,o,i) 

r=3 i=l 

—X 13 E_ a3 + Xi 5 E_ a5 — XigE a4 — XigE afj + ^20-5(0,1,0,1) + ^22-5(0,0,0,1, 1,1) 
-£24^(0,1,0,1,1,1) - £26-5(0,1,1,2,1,1) - £27-5(1,1,1,2,1,1) (4.28) 

by (3.6), 

L (Vn) = i([E- a6 ,Vi3\) = HE_ a6 ),t(r] 13 )} = [E_ a6 \ A + E_ a6 ,i(r) 13 )} 

= Pn + x 2 E[ l l l 2 2 l) + £3^(1,1,1,2,1,1) + ^4^(1,1,1,1,1,1) - ^6^(1,0,1,1,1,1) 

6 7 

-£l7g(y^ «r + ^ «i) - £8-5( 0j i i0 ,l,l,l) + ^10-5(0,0,0,1,1,1) - £i 4 -5_ Ql 
r=4 i=l 

+£12-5( 0i0i o i0i1)1 ) + £i3-5_ a6 + £l9-5 Q3 + £21-5(0,0,1,1) — £23-5(0,1,1,1) 
+£22-5(0,0,1,1,1) - £24-5(0,1,1,1,1) - £25-5(0,1,1,2,1) - £27-5(1,1,2,2,1) (4.29) 

by (3.7) 

tfais) = t([E^a 4 ,Vie]) = HE_ a J,L(r] w )] = [E_ a4 \ A + E_ a4 ,L(r] 16 )] 

= Pig - £l-5( ljl)2 3 )2)1 ) - £4-5( 1)1;2 ,2,l) + ^5-5(i, 1,1,2,1) - ^8-5(0,1,1,2,1) 
5 7 

-£i 8 ^(a 4 + Y ar + Y a ^ ~ x 9 E (i,o,i,iA) + x nE[i, ,i,i) + ^12^(0,0,1,1,1) 

r=3 i=l 

—£13-5(0,0,1,1) ~~ ^lS^^o^.l,!) + x l&E- ai — X 2 \E a( . — £20-5 Q2 + £22-5(0,0,0,0,1,1) 

-£25-5(o,i,o,i,i,i) + £26-5(o,i,i,i,i,i) + £27-5(i,i,i,i,i,i) (4.30) 

by (3.5), 

^19) = t-([E-a 6 ,Vi6\) = H E _ a6 ),i(r] w )] = [E_ a6 \ A + E_ a6 , L(rj 16 )] 

= P 19 + £2-5(1,1,2,2,2,1) + ^3-5(1,1,2,2,1,1) + ^5^(1,1,1,1,1,1) ~ ^7^(1,0,1,1,1,1) 
6 7 

-£l9^(^ «r + Yj Q ^ ~ X 8 E [o,l, 1,1, 1,1) + ^10-5(0,0,1,1, 1,1) + X 14-5(1,0,1) 
r=3 i=l 

+£15-5(0,0,0,0,1,1) + x l&E- afi — £i 7 P_ Q3 — £21-5 Q4 + £23-5(0,1,0,1) 

-£22-5(0,0,0,1,1) + £24-5(0,1,0,1,1) + £26-5(0,1,1,2,1) + £27-5(1,1,1,2,1) (4-31) 



by (3.7), 

t(»72o) = L([E_ a2 ,r} 18 \) = [t(S_ aa ),t(?7l8)] = U + £L a2 , tfais)] 

= P 2 — ^1-5(1, 2,2,3,2,1) + X 6-E(l, 1,2,2,1) — ^7-^(1,1,1,2,1) + ^10-^(0, 1,1,2,1) 

5 7 

-X 2 o^(a 4 + Y °< r + S + ^^(1,1,1,1,1) - X H E (1,1,1,1) - ^12^(0,1,1,1,1) 
r=2 i=l 

+^13-^(0,1,1,1) + ^15-^(0,1,0,1,1) ~~ ^16-5(0,1,0,1) + Xi 8 E^ a2 — X 23 E ae 

+£24-5(0,0,0,0,1,1) — ^25-5(0,0,0,1,1,1) + ^26-^(0,0,1,1,1,1) + ^27-^(1,0,1,1,1,1) (4.32) 

by (3.3), 

= t([E-a 4 , V19]) = [i(E_ a4 ),L(r} 19 )] = [E_ a4 \ A + E_ a4: i(rj ig )] 

= P 21 + ^2^(1,1,2,3,2,1) - ^4^(1,1,2,2,1,1) + ^5^(1,1,1,2,1,1) - ^8^(0,1,1,2,1,1) 

6 7 

-X 2 lQ(a 4 + Y OC r + Y "*) ~ ^9^(1,0,1,1,1,1) + ^12^(0,0,1,1,1,1) + ^14^(1,0,1,1) 
r=3 i=l 

-2:15-^(0,0,0,1,1,1) — ^17-^(0,0, 1,1) + x 18E-ae, + X 19 E^ a4 — X 23 E a2 

~X 22 E as + £25-5(0,1,0,1,1) - ^26-^(0,1,1,1,1) - ^27-^(1,1,1,1,1) (4.33) 

by (3.5), 

1(7722) = i([E_ a& ,ri2i]) = [i(E- ats ), 6(7721)] = [E- ats \ A + S_ Q5 ,i(772i)] 

6 

= P 2 2 - ^3^(1,1,2,3,2,1) - ^4^(1,1,2,2,2,1) ~ ^22^(«4 + «5 + Y ^ + Y 



7 

r=3 i=l 



+^5-S(i,i,i,2,2,l) ~ ^8-^(0,1,1,2,2,1) — X H -^(1,0,1, 1,1,1) + X 13-5( ,o,l, 1,1,1) + ^14-^(1,0, 1,1,1) 
— ^16-^(0,0,0,1,1,1) ~~ ^17-^(0,0,1, 1.1) ~~ X 18-E(0,0,0,0,l,l) + ^19-^(0,0,0,1,1) 

+X 2 l-E-a 5 — X 2 iE a2 — £25-5(0,1,0,1) + £26-5(0,1,1,1) + £27-5(1,1,1,1) (4.34) 

by (3.6), 

1(7723) = t([S_ a2 , 772i]) = [i(E_ a2 ),i(r]2i)} = [E_ a2 \ A + E_ a2 ,L(r)2i)} 

= P 23 + £2-5(1,2,2,3,2,1) + X 6p(l,l,2,2,l,l) ~ ^7-^(1,1,1,2,1,1) + ^9-^(1, 1,1, 1,1,1) 
6 7 

-X 23 ^(«4 + Y ar + Y "*) + X 10^(0,l,l,2,l,l) - ^12^(0,1,1,1,1,1) - ^14^(1,1,1,1) 
r=2 i=l 

+^15-^(0,1,0,1,1,1) + X 17-5(o,l,l,l) + £20-5-a 6 _ £19-5(0,1,0,1) + x 2lE- a2 

-£24-5 as + ^25-5(0,0,0,1,1) - ^26-5(0,0,1,1,1) - ^27-5(1,0,1,1,1) (4.35) 

by (3.3), 

^24) = L([E- a2 ,rj 22 ]) = [t(S_ Q2 ), 4(7722)] = [E- a2 \ A + E_ a2 ,L(r] 22 )] 

6 7 

= p24 - ^3^5(1,2,2,3,2,1) + ^6^5(1,1,2,2,2,1) ~ £24^4 + «5 + Y " r + °^ 

r=2 i=l 

-^7^5(1,1,1,2,2,1) + ^10^5(0,1,1,2,2,1) + ^11^(1,1,1,1,1,1) -^13^5(0,1,1,1,1,1) 
—^14-5(i,i,i,i,i) + ^16-5(0,1,0,1, 1,1) + x 17-5(o,l, 1,1,1) — ^19-5(0,1,0,1,1) — ^20-5(0,0,0,0, 1,1) 

+x 22 E_ a2 + x 23 E_ as - x 25 E a4 + £26^(0,0,1,1) + £27^(1,0,1,1) (4.36) 



by (3.3), 

^25) = t([S_a4,7724]) = HE-a 4 ), t(»/24)] = [-#-a 4 U + #-04 » ^24)] 

6 7 

= ^25 + ^4^(1,2,2,3,2,1) + ^6^(1,1,2,3,2,1) - X 2b g(2ot A + tt 5 + « r + «;) 



r=2 i=l 



-^9^(1,1,1,2,2,1) + ^12^(0,1,1,2,2,1) + ^11^(1,1,1,2,1,1) ~ ^13^(0,1,1,2,1,1) 
—^14-^(1,1,1,2,1) + x 17-^(0,l, 1,2,1) + x lsE^ 010111 - ) + 3:20-^(0,0,0,1,1,1) — ^21-5(0,1,0,1,1) 
+^22-^(0,1,0,1) _ ;r 23-E(0,0,0,l,l) + X 24,E- ai ~ X 2& E az - ^27-^(1,0,1) (4.37) 

by (3.5), 

t(%e) = i-([E -a 3 , V25]) = V{E_ a3 ),L(r] 2b j\ = [E_ as \ A + E_ a3 ,L(r} 25 )\ 

5 6 7 

= P 26 - ^5^(1,2,2,3,2,1) - ^£(1,1,2,3,2,1) - ^26^(^4 + + Y ° r + "*) 

s=3 r=2 i=l 

+XgE'^ 1,2,2,2,1) _ X 15-^(0,l, 1,2,2,1) _ ^11-^(1, 1,2,2,1,1) + X 16-K(0,l, 1,2,1,1) 

+^14-E , ( l l! 2 j2 ,l) - ^19-^(0,1,1,2,1) _ ^18-^(0,1, 1,1, 1,1) - ^20-5(0,0,1,1,1,1) + ^21^(0,1,1,1,1) 

-x 2 2E[q 111) + 2:23-^(0,0,1,1,1) _ x 24-E(o,o,i,i) + x 25 E_ as + x 27 E ai (4.38) 

by (3.4), 

^27) = -t([E- ai ,V2(i]) = -[t{E_ ai ),i{r] 2& )\ = -[£L Q1 U + E- ai: l(tj 26 )] 

5 6 7 

= P 27 - ^8^(1,2,2,3,2,1) - ^10^(1,1,2,3,2,1) ~ ^27^(«4 + Y + Y ° r + °^ 

s=3 r=l i=l 

+xi 2 E{ 1 

,1,2,2,2,1) — X 15-^(l, 1,1, 2,2,1) ~~ ^13-^(1, 1,2,2, 1,1) + ^16-^(1, 1,1,2,1,1) 
+^17-E'(1, 1,2,2,1) ~~ ^19-^(1, 1,1,2,1) ~~ ^18-^(1, 1,1, i,!,i) — ^20-^(1,0,1,1,1,1) + ^l-E^llll) 
-^22-E'(l,l,l,l) + ^23-^(1,0,1,1,1) - ^^l^l.l) + ^25-^(1,0,1) _ ^26-^-ai (4.39) 

by (3.2). Note that the coefficient of X{ in the above ^,(77^) is exactly g(f3) if r]i = Ep. 
Recall A = C[x±, ...,x 2 j]. Let M be a (/^-module and set 

M = A® C M. (4.40) 

We identify 

f®v = fv for / G A, v G M. (4.41) 

Recall the Lie algebra K. defined via (4.1)-(4.8). Fix c G C Then M becomes a ^-module 
with the action defined by 

d(fw) = d(f)w, K (fw) = cfw, (gu)(fw) = fgu(w) (4.42) 

for d G W 27 , f,9 eA, w G M and u G Q Es . 

Since the linear map 1 : Q El — > /C defined in (4.10)-(4.12) is a Lie algebra monomor- 
phism, M becomes a (^-module with the action defined by 

£(w) = t(0H for £ G G Er , weM. (4.43) 

In fact, we have: 



Theorem 4.1. The map M ^ M gives a functor from g E(i -Mod to C^-Mod. 

We remark that the module M is not a generalized module in general because it may 
not be equal to U(G)(M) = U(QJ)(M). 

Proposition 4.2. If M is an irreducible Q E(i -module, then U{G-){M) is an irreducible 
Q Er -module. 

Proof. Note that for any % E 1727, / G A and v E M, (4.12), (4.42) and (4.43) imply 

Ufv) = d x Xf)v. (4.44) 

Let W be any nonzero C/ E7 -submodule. The above expression shows that Wf]M^ {0}. 
According to (4.42), Wf]M is a £ E6 -submodule. By the irreducibility of M, M C W. 
Thus [/(£_) (M) C W. So [/(£_) (M) = W is irreducible. □ 

By the above proposition, the map M \- > [/(£/_) (M) is a polynomial extension from 
irreducible (/^-modules to irreducible (/^-modules. 



5 Irreducibility 

In this section, we want to determine the irreducibility of (/^-modules M. 
Note that M can be viewed as a ^ Ef3 -module. Indeed, (4.11) and (4.43) show 

u(fv) = u(f)v + fu(v) for uEQ E \ f E A, v E M (5.1) 

(cf. (2.50)-(2.87)). SoM = i® c Misa tensor module of G E(i . Write 

27 27 

^ Q = n^' \<^\ = ^2ai ior a = (a 1 ,a 2 ,...,a 2 7) EN 27 (5.2) 
i=i i=i 

(cf. (2.34)-(2.39)). Recall the Lie subalgebras Q± and £ of Q E(i defined in (2.41). For 
k E N, we set 

A = Span c {x a | o G N 27 ; \a\ = k}, M {k) = A k M (5.3) 
(cf. (2.47), (4.41)) and 

(U(G-)(M)) {k) = Span c {?f (M) | a E N 27 , |a| = k}. (5.4) 



Moreover, 
Furthermore, 



(U(g.)(M)) {0) = M {0) = M. (5.5) 



M = 0M (fe> , tf(0_)(M) = 0([/(S_)(M)) (fc) . (5.6) 

fc=0 fc=0 

Next we define a linear transformation tp on M determined by 

^(x^) = rf (v) for a E N 27 , v E M. (5.7) 

Note that ^ = X)i=i ^oims the 27-dimensional £ - m odule of highest weight A 6 . 
According to (2.10) and (2.11), Q_ forms a C/o- m odule with respect to the adjoint repre- 
sentation, and the linear map from A\ to Q determined by xi i— > rji for i E 1, 27 gives a 



(?cr m odule isomorphism. Thus ip can also be viewed as a ^ - m °dule homomorphism from 
M to U(Q )(M). Moreover, 

<p(M {k )) = {U{Q-){M)) {k) for keN. (5.8) 

Observe that the fundamental weights of Q E& are: 

Ai = -(4ai + 3a 2 + 5a 3 + 6a 4 + 4a 5 + 2a 6 ), (5.9) 

A2 = «i + 2a 2 + 2«3 + 3a4 + 2a 5 + a 6 , (5.10) 

A 3 = i(5«i + 6a 2 + 10a 3 + 12a 4 + 8a 5 + 4a 6 ), (5.11) 
3 

A4 = 2«i + 3a 2 + 4«3 + 60:4 + 4a 5 + 2a 6 , (5-12) 

A 5 = \{Aa x + 6a 2 + 8a 3 + 12a 4 + 10a 5 + 5a 6 ), (5.13) 

A 6 = -(2«i + 3^2 + 4a 3 + 60:4 + 5^5 + 4a 6 ). (5-14) 
o 

Using the above expressions, we can view Aj G "Hs 6 by (2.16). Then Casimir element of 
G E « is 

6 

i=i /3e<J>E 6 

due to (2.12) and (2.13). The algebra U(g Ee >) can be imbedded into the tensor algebra 
U(Q Ee ) <S> U(Q Eli ) by the associative algebra homomorphism 5 : U(Q E(i ) -> U(Q Ee ) ®c 
U(G E6 )) determined by 



5(u) = u®l + l®u iorueQ Ee . (5.16) 



Set 



Co = ^(5{u) - u <g> 1 - 1 <g> u) E U(g E «) ® c U(g Ee ). (5.17) 



Since Yli=i ^« ® a « ^ s symmetric with respect to {aii, a 6 } by (5.9)-(5.14), 

6 

Co = ^2\i®ai- Ep®E_ p . (5.18) 
i=i /3e-i>B 6 

Furthermore, u) acts on M as a ^ Ee -module homomorphism via 

{u 1 ®u 2 ){fw) = Ul (f)u 2 (w) for Ul ,u 2 E Q E \ f EA, w EM. (5.19) 

Lemma 5.1. We have (p\^ = (u - c)|^ (i> . 
Proof. By (2.87) with Table 1 and (5.9)-(5.14) 

27 

ArU = y~]cj,rXid Xi for re 1,6 (5.20) 



i=i 



with c ir E C, for instance, 



2 4 5 4 

Cl,l = g, Ci >2 = 1, Ci )3 = -, Ci )4 = 2, Ci )5 = -, Ci >6 = -. (5.21) 



On the other hand, 

a 7 = -[a — (2ai + 3a 2 + 4ct 3 + 6a 4 + 5a 5 + 4a 6 )] (5.22) 
3 

by (2.88). According to (4.10), (4.42), (5.19) and (5.21), 

6 

(^^ \i <S> ai){x\w) = cx\w — x\a-j{w) for w G M. (5.23) 
i=i 

Thus (2.50)-(2.86) yield 

Q( Xl w) = [cxi + x 2 E a6 + £3^(0,0,0,0,1, l) + ^4^(0,0,0,1,1,1) + ^5^(0,0,1,1,1,1) + ^6^(0,1,0,1,1,1) 

—X 1 a 7 (w) + ^7-^(0,1,1,1,1,1) + ^8-^(1,0,1,1, 1,1) + ^9-^(0,1,1,2,1,1) + Xl()E(l, 1,1, 1,1,1) 
+^11-^(0,1,1,2,2,1) +^12-^(1,1,1,2,1,1) +^13-^(1,1,1,2,2,1) +^15-^(1,1,2,2,1,1) 
+^16-^(1,1,2,2,2,1) + ^18-^(1,1,2,3,2,1) + ^20-^(1,2,2,3,2,1)] (w) . (5.24) 

Comparing (4.13) and (5.24), we get ip(xiw) = {Cj — c)(xiw). According to (3.7), 
— E- afj (xi) = x 2 . So for v G M, 

ip(x 2 v) - y(xiE- a6 (v)) = -(E^ a6 )((p(x!v)) 

= -(E_ a6 )[(u) - C)(X!V)} = (ti- c)[-f?_ a6 (xiu)] 

= (u-c) [x 2 v - x x E_ a& (v)] 

= (Cj - c)(x 2 v) - (Cj - c)(a;iS_ a6 )(u)) 

= (Cj - c){x 2 v) - tpfaE-^v)), (5.25) 

equivalently, ip(x 2 v) — (Cj — c)(x 2 v). By (3.2)-(3.7), similar arguments as (5.25) and 
induction on i, we can prove 



ip(xiv) = (u - c)(xiv) for i G 1, 27, t> G M, (5.26) 
that is, the lemma holds. □ 

Recall that N is the set of nonnegative integers and the set of dominate integral weights 

is 

6 

A + = J^NA r . (5.27) 

r=l 

Denote 

P 



2 

Then 



= \ E ( 5 - 28 ) 



6 

P = J2 X r ( 5 - 29 ) 
r=l 

(e.g., cf. [H]). For any \x G A + , we denote by V(p) the finite-dimensional irreducible 
(/■^-module with the highest weight \i and have 

u\v( P ) = (/x + 2p, /i)Idy (M ) (5.30) 



by (5.15). According to (2.87) and Table 1, the weight set of the (^-module Ai is 

6 

n(^) = {J2 a i,rK I i e 1727}. (5.31) 



r=l 

Fixing A G A + , we define 

T(A) = {A + fj, | fj, G U(Ai), X + fie A + }. (5.32) 

Lemma 5.2. We have: 

A!®V(\) = V(X'). (5.33) 

A'eT(A) 

Proof. Note that all the weight subspaces of Ai are one-dimensional. Thus all the 
irreducible components of A\ <S> V(X) are of multiplicity one. Since 

p + \ + fieA + for neU(Ai), (5.34) 

the tensor theory of finite-dimensional irreducible modules over a finite-dimensional simple 
Lie algebra (e.g., cf. [H]) says that V(A') is a component of A\ <S> V(X) if and only if 
A' G T(A). □ 

Recall 

the highest weight of Ai = A 6 (5.35) 
by Table 1. Thus the eigenvalues of wL-ttt-, are 

{[(A' + 2p, A') - (A + 2p, A) - (A 6 + 2p, A 6 )]/2 | A' G T(A)} (5.36) 

by (5.17) and (5.19). Define 

L(X) = mm{[(A' + 2p, A') - (A + 2p, A) - (A 6 + 2p, A 6 )]/2 | A' G T(A)}, (5.37) 

which will be used to determine the irreducibility of V(A). If A' = A + A 6 — a G T(A) with 
a G $J 6 , then 

(A' + 2p, A') - (A + 2p, A) - (A 6 + 2p, A 6 ) = 2[(A, A 6 ) + 1 - (p + A + A 6 , a)]. (5.38) 

Recall the differential operators P 1 ,...,P 27 given in (3.58)-(3.102). We also view the 
elements of A as the multiplication operators on A. Recall Ci in (3.1). It turns out that 
we need the following lemma in order to determine the irreducibility of V(X). 

Lemma 5.3. As operators on A: 

Pux 1 + Pix lA + Pux 2 + P 2 x n + P9X3 + ^3^9 + P7X4 + P4X7 - P 6 x 5 - P 5 x 6 
= ( 1 (D-8)+ X d X27 . (5.39) 

Proof. According to (3.58), (3.77)-(3.82), (3.84), (3.86) and (3.89), we find that 

P14X1 + P±Xu + P\\X 2 + ^2^11 + P%Xi + P 3 Xg + P 7 X A + P A X 7 - PqX 5 - P 5 Xq 
= -8Cl + ^1^14 + X U Pl + X 2 P U + XnP 2 + X 3 Pg 

+X 9 P 3 + X4P7 + ^4 - x 5 P 6 - X 6 P 5 (5.40) 



and 



X 1 P U + X U Pl + X 2 P U + X U P 2 + X 3 P 9 + XgP 3 + X 4 P 7 + X7P4 - X 5 Pq - XqP 5 
= Xi(xi4-D — (\d Xl — (sd X8 — ClO^K, + Cl2^ 12 — Cl3^i 3 — Cl5^x 15 + Cl6^x 16 ~ Cl8<9xi 8 

— (2od X20 + C27 ( 9x2 7 ) + Xu{XiD — (ld Xl4 — ( 2 Xl7 — C3^xi9 + O^i ~ 0jd X2 2 ~~ (6^X23 

+( 7 d X24 - ( 9 d X25 - CiA 26 - (ud X27 ) + x 2 (x u D - dd X2 + ( 5 d X8 + Crd Xl0 - Cg^ 12 
+(ud xi5 + (nd Xl7 — Ci6<9xi 9 + Cisd X21 + ( 2 od X2:i + C2q9 X27 ) + xii{x 2 D — (id Xll 

— C2^i 3 — C3<9x 16 + C4<9x 18 — C6<9x 20 — (8^22 + Cl0<9x 24 — Cl2<9x 25 ~ (^C^s + (l7d X27 ) 
+^3(^9-0 — Cl^s — C$x s ~ C§dx w + (9d Xla — Cl2<9 Xl7 — Cll^ie + Cl5<9xi9 — Cl8<9x22 
— C20'9a:24 + C25 ( 9x2 7 ) + ^9(^3-0 — Cl^xg ~ C2<9xi 2 — (A15 + Cs^is — C7^x 2 o — (8^x21 
+Cl0^23 — Cl3<9x25 — Cl6<9x26 + Cl9<9x 27 ) + X 4 (x 7 D — (id X4 + (3 (9^ + C6«9xi2 — C7^Xi3 

+(io<9r 17 + (nd xis — (i5d X21 + (wd X22 + ( 2 od X25 + ( 2 id X27 ) + x 7 (x 4 D — (id X7 

— C2^io — CAis + Cs^ie — C8<9xi9 — C9^2() + Cl2<9x23 — Cl3<9x 2 4 _ (l8<9r 2 6 + C21^2 7 ) 

-x 5 (x e D + dd X5 + ( 2 d Xs - ( 6 d XlB + ( 7 d Xl6 - ( 9 d Xl8 - ( w d Xl9 + (i 2 d X2l 

— Cl3<9ir 22 + C20<9x 26 — C23<9x 27 ) — X 6 (x 5 D + (l<9r 6 ~ (3<9r 10 + (4d Xl2 

— C5<9xi3 + C8<9x 17 + Cll^xao — Cl5<9x 2 3 + (i6<9e 24 — Cl8^ 26 — ( 22 d X27 ) 
7 

= d(2D -^2xid Xi - x 9 d xg - x n d Xll - x 14 d xi4 ) - (xiCs - x 2 ( 5 + x 3 ( 4 - x 4 ( 3 
i=i 

+a; 5 C2)<9x 8 - (a^iCio - ^2(7 + ^Ce + 2:7(2 - ^6(3)^0 + (^1(12 - ^2(9 - 2:9(2 
+x 4 ( 6 - x 6 ( 4 )d Xl2 - (X1C13 + Z11C2 - 2:3(9 + 2:4(7 - 2:6(5)^x3 - (2:1(15 - 2:2(11 
+x 9 ( 3 + x 7 ( 4 - x 5 ( 6 )d Xl5 + (xiCie - 2:11(3 - 2:3(11 + x 7 ( 5 - x 5 ( 7 )d Xl6 - (2:14(2 
""2:2(13 + 2:3(12 — 2:4(10 + XQ(s)d Xl7 — (a;i(i8 — 2:11(4 — 2:9(5 — 0:4(11 — 2:5(9)192;^ 
-(2:14(3 + 2:2(16 - 2:3(15 + 2:7(3 - 2: 5 (io)^ 19 - (2:1(20 + 2:11(6 + 2:9(7 + x 7 ( 9 
+x 6 Cn)d X20 + (x 14 ( 4 + 2:2(18 - 2:9(3 - 2:4(15 - 2: 5 (i2)<9x 2 i - (2:14(5 + 2ai( 8 
+2:3(18 — 2; 4 (i 6 — 2:5(13)^22 — (2:14(6 — 2:2(20 — 2:9(10 — 2:7(12 — 2:6(15)^23 

+ (2:14(7 + 2:11(10 — 2:3(20 — 2:7(13 — 2:6(l6)<9:r24 — (2:14(9 + 2:11(12 + 2:9(13 
-2:4(20 - 2:6(18)^25 - (2:14(11 + 2:11(15 + XgGe + 2-7(18 + 2-5(20)^26 + (2:1(27 
-2:14(14 + 2:2(26 + 2:11(17 + 2:3(25 + 2:9(19 + 2:4(24 + 2-7(21 + 2:5(23 + 2:6(22)^27 

= CiD + x-9, 27 (5.41) 
because 

XiCa ~ 2:2(5 + 2:3(4 - 2:4(3 + 2:5(2 = G^s (5.42) 
by (3.1), (3.8)-(3.11) and (3.14), 

2:1(10 - 2:2(7 + 2:3(5 + 2:7(2 - 2:5(3 = (12:10 (5.43) 
by (3.1), (3.8), (3.9), (3.12), (3.13) and (3.16), 

2:1(12 - 2:2(9 - 2:9(2 + 2:4(5 - 2: 6 (4 = -(12:12 (5.44) 
by (3.1), (3.8), (3.10), (3.12), (3.15) and (3.18), 



2:1(13 + 2:11(2 - 2:3(9 + 2:4(7 - 2: 6 ( 5 = (12:13 



(5.45) 



by (3.1), (3.8), (3.11), (3.13), (3.15) and (3.19), 

~ 2:2(11 + 2:9(3 + 2:7(4 - 2:5(6 = Ci^i5 (5.46) 
by (3.1), (3.9), (3.10), (3.12), (3.17) and (3.21), 

xiCie ~ Z11C3 - x sCn + 2:7(5 - x 5 ( 7 = -&x 16 (5.47) 
by (3.1), (3.9), (3.11), (3.13), (3.17) and (3.22), 

2:14(2 - 2:2(13 + 2:3(12 ~ 2:4(10 + 2:5(3 = Ci^i7 (5.48) 
by (3.1), (3.8), (3.14), (3.16), (3.18) and (3.19), 

ziCis - 2:11(4 - 2:9(5 - 2:4(11 - 2:5(9 = (12:18 (5.49) 
by (3.1), (3.10), (3.11), (3.15), (3.17) and (3.24), 

2:14(3 + 2:2(16 - 2:3(15 + 2:7(3 - 2:5(10 = (1^19 (5.50) 
by (3.1), (3.9), (3.14), (3.16), (3.21) and (3.22), 

2:1(20 + 2:11(6 + 2:9(7 + 2:7(9 + xaCu = (1X20 (5.51) 
by (3.1), (3.12), (3.13), (3.15), (3.17) and (3.26), 

2:14(4 + 2:2(18 - 2:9(3 - 2:4(15 - 2:5(12 = -(12:21 (5.52) 
by (3.1), (3.10), (3.14), (3.18), (3.21) and (3.24), 

0:14(5 + xuCs + 2:3(18 - 2:4(16 - 2:5(13 = (12:22 (5.53) 
by (3.1), (3.11), (3.14), (3.19), (3.22) and (3.24), 

2:14(5 - 2:2(20 - 2:9(10 - 2:7(12 - 2:5(15 = (12:23 (5.54) 
by (3.1), (3.12), (3.16), (3.18), (3.21) and (3.26), 

2:14(7 + 2:11(10 - 2:3(20 - 2:7(13 - x 6 Cw = -(12:24 (5.55) 
by (3.1), (3.13), (3.16), (3.19), (3.22) and (3.26), 

2:14(9 + 2:11(12 + 2:9(13 - 0:4(20 - xqCis = Cix 25 (5.56) 
by (3.1), (3.15), (3.18), (3.19), (3.24) and (3.26), 

2:14(11 + 2:11(15 + 2:9(10 + 2:7(18 + 0:5(20 = (12:26 (5.57) 
by (3.1), (3.17), (3.21), (3.22), (3.24) and (3.26), 

2:1(27 - 2:14(14 + 2:2(26 + 2:11(17 + 2:3(25 + 2:9(19 + 0:4(24 

+0:7(21 + 0:5(23 + o: 6 ( 22 = -(12:27 + X (5-58) 
by (3.1), (3.20), (3.23), (3.25), (3.27)-(3.33) and (3.137). □ 



Lemma 5.4. As operators on A, 

%8-i- J Pi4Ci4- J P27Ci = x(24-5D). (5.59) 

Proof. We calculate it by (3.1), (3.8)-(3.33), (3.58) and (3.77)-(3.102). In particular, 

2(CiCi4 - C2C11 - CsCq + C4C7 - CsCe) = -2 X xi, (5.60) 

which is the coefficient of d xi in addition to the term containing D. According to (2.138), 
the operator on the left hand side of (5.59) is a £/ Ee - invariant differential operator. By 
symmetry, 

the coefficient of d Xi = —1x x i f° r i ^ 1,27. □ (5.61) 

We define the multiplication 

f(gv) = (fg)v for f,g e A, v e M. (5.62) 

Furthermore, we have: 

Lemma 5.5. As operators on M , 

[( ^i)C28-i-^i4)Ci4-t(%7)Ci]lM = x(24-5£) + 3c). (5.63) 

Proof. By (4.13)-(4.39), the coefficient of E a6 is 

3^27 - ^14<Cl7 - ^17Cl5 - 2:19(12 - X21C10 - ^23Cs- (5.64) 

Moreover, we use (3.14), (3.16), (3.18), (3.21), (3.23) and (3.33) to find that (5.64) is 
equal to zero. Since the left hand side of (5.63) is a (^-invariant differential operator, it 
is invariant under the action of the E 6 Weyl group. The transitivity the Weyl group on 
$£ 6 yields that 

the coefficient of Ep = for any j3 G $£ 6 . (5.65) 
By (4.10), (4.42), (5.22) and Lemma 5.4, 

6 

t ( J 7i)C28-< - t(vu)Cu - t>(m)& = X(24 -5D + 3c) + J2 fr a r (5.66) 

14^igl^26 r=1 

as the elements of /C acting on M (cf. (4.7)). The t/ Be -invariancy implies 

6 

[Eplfi, fr a r] = for any (5e^ E(i . (5.68) 

r=l 

Thus J2l=i /r«r = 0, that is, (3.63) holds. □ 
Next we calculate 

Ti = l(i] u )x 1 + t(77i)a;i4 + l(i] u )x2 + ^2)^11 + ^^9)^3 
+l(t] 3 )x 9 + l(t] 7 )x 4 + i(r) 4 )x 7 - t(r] 6 )x 5 - i(r) 5 )x 6 



= (i(D - 8) + xd X27 + (2E ai - (3-^(1,0,1) + (4-^(1,0,1,1) - (5^(1,0,1,1,1) + C6-E(i,i,i,i) 

-(7^(1,1,1,1,1) + (8-^(1,0,1,1,1,1) + (9^(1,1,1,2,1) + (10^(1,1,1,1,1,1) - (ll^(l,l,2,2,l) 

- (12-5(1, 1,1,2,1,1) + (13-5(1,1,1,2,2,1) + (15-5(1, 1,2,2, 1,1) - (16-5(1, 1,2, 2,2,1) + (18-5(1, 1,2,3,2,1) 
+(20^(1,2,2,3,2,1) - 2(i c + -j (4«i + 3a 2 + 5a 3 + 6a 4 + 4a 5 + 2a 6 ) (5.69) 

by (3.1), (3.8)-(3.19), (3.21), (3.22), (3.24), (3.26), (4.13)-(4.19), (4.21), (4.23), (4.26), 
(5.20) and Lemma 5.3. 

We define a Q Ee -module structure on the space End M of linear transformations on 
M by 

i(u){T) = [t(u),T] = l{u)T-Tl{u) for u G Q E(i , T G End M (5.70) 

(cf. (5.1)). It can be verified that 7\ is a (/^-singular vector with weight Ai in End M. 
So it generates the 2 7- dimensional module of highest weight Ai. We set 

T 2 = -[t(E_ ai ), 7\] = ( 2 (-D - 8) - x^ 26 - G-E-ai + (3^3 _ (4-^(0,0,1,1) 

+(5-^(0,0,1,1,1) — (6-5(0,1,1,1) + (7-^(0,1,1,1,1) _ (8-5(0,0,1,1,1,1) — (9-^(0,1,1,2,1) 

— (10-5(0,1,1,1,1,1) — (14-5(1,1,2,2,1) + (12-5(0,1,1,2,1,1) — (13-5(0,1, 1,2,2,1) 
— (17-5(1, 1,2, 2,1,1) + (19-5(1, 1,2, 2,2,1) — (21-5(1,1,2,3,2,1) - (23-5(1,2,2,3,2,1) 

(2 

-2( 2 c + — («i + 3a 2 + 5a 3 + 6a 4 + 4a 5 + 2a 6 ) (5.71) 
o 

by (2.10), (2.11), (3.2) and (3.41), 

T 3 = -[t(E_ a3 ),T 2 ] = ( 3 (D - 8) - X 9 X28 + (1^1,0,1) - ( 2 E- a3 + ( 4 £ Q4 

—(5-^(0,0,0,1,1) + (6-^(0,1,0,1) — (7-^(0,1,0,1,1) + (8-^(0,0,0,1,1,1) + (ll-^(0,l,l,2,l) 
+(l0-5(0,l,0,l,l,l) + (l4-E(l,l, 1,2,1) - (15-^(0,1,1,2,1,1) + (l6-5(0,l,l,2,2,l) 
+(l7-^(l,l,l,2,l,l) — (19-^(1,1,1,2,2,1) + (22-^(1,1,2,3,2,1) + (24-^(1,2,2,3,2,1) 

-2( 3 c + ^(e*i + 3a 2 + 2a 3 + 6a 4 + 4a 5 + 2a 6 ) (5.72) 
by (2.10), (2.11), (3.4) and (3.43), 

T 4 = -[t(E_ a4 ),T 3 ] = ( 4 (D - 8) - xd X24 - (1-^(1,0,1,1) + (2-^(0,0,1,1) ~~ (3-^-^4 

+(5-^05 + CeEa 2 ~ (9-^(0,1,0,1,1) — (8-5(0,0,0,0,1,1) + (11 -E(o,i, 1,1,1) 

+(12-^(0,1,0,1,1,1) + (14-^(1,1,1,1,1) — (15-^(0,1,1,1,1,1) + (18-^(0,1,1,2,2,1) 

+(l7^(l,l,l,l,l,l) - (21^(1, 1,1,2,2,1) + (22^(1,1,2,2,2,1) - (25^(1,2,2,3,2,1) 

-2( 4 c +—(«i + 3a 2 + 2a 3 + 3a 4 + 4a 5 + 2a e ) (5.73) 
by (2.10), (2.11), (3.5) and (3.44), 

T 5 = -[t(E_ a5 ),T 4 ] = ( 5 (D - 8) - xd X23 + (1 -£(1,0,1, 1,1) _ (2-^(0,0,1,1,1) 

+(3-£(0,0,0,l,l) ~ C±E-a b + (7-^02 — (9-£(0,l,0,l) + C&E a6 + (11^(0,1,1,1) 
+(l3-£(0,l,0,l,l,l) + (14-5(1,1,1,1) — (16-5(0,1,1,1,1,1) + (l8-5(o,l, 1,2,1,1) 
+(l9-5(l, 1,1, 1,1,1) — (21-5(1,1,1,2,1,1) + (22-5(1,1,2,2,1,1) + (26-5(1,2,2,3,2,1) 

-2( 5 c + («i + 3a 2 + 2a 3 + 3a 4 + a 5 + 2a % ) (5.74) 



by (2.10), (2.11), (3.6) and (3.45), 

T 6 = -[t(E^ a2 ),T 4 ] = ( 6 (D - 8) - xd X22 - Ci-^(i,i,i,i) + (2-^(0,1,1,1) - (3-^(0,1,0,1) 

+(7E a5 — + (9-^(0,0,0,1,1) ~ (l0-^(0,0,0,0,l,l) — (ll-^(0,0,l,l,l) 

— (l2-^(0,0,0,l,l,l) — Cl4-E(l,0,l,l,l) + (l5-^(0,0,l, 1,1,1) — (20-^(0,1,1,2,2,1) 

— ClT^l.O,!,!,!,!) + C23-^(l,l, 1,2,2,1) ~ (24-5(1,1,2,2,2,1) ~ (25-^(1,1,2,3,2,1) 

-2C 6 c + + 2a 3 + 3a 4 + 4a 5 + 2a 6 ) (5.75) 

by (2.10), (2.11), (3.3) and (3.42), 

T 7 = -[i(E_ aB ), T 6 ] = ( 7 (D - 8) - xd X2 i + Ci E (i,i, 1,1,1) ~ (2-^(0,1,1,1,1) 

+(3-^(0,1,0,1,1) — C&E- ab — (5-E_ Q2 + (g-E Q4 + (lO-E Q6 — (ll-E(0,0,l,l) 
-(l3-E(0,0,0,l,l,l) - (l4-E(i, ,l,l) + (16-^(0,0,1,1,1,1) - (20-^(0,1,1,2,1,1) 
-(19-^(1,0,1,1,1,1) + (23-^(1, 1,1,2,1,1) - (24-^(1,1,2,2,1,1) + (26-^(1,1,2,3,2,1) 
(7 

-2( 7 c +—(«i + 2a 3 + 3a 4 + a 5 + 2a e ) (5.76) 
by (2.10), (2.11), (3.6) and (3.45), 

T 8 = -[i(E_ a6 ),T 5 ] = ( 8 (D - 8) - x^ 20 - (1-^(1,0,1,1,1,1) + (2-^(0,0,1,1, 1,1) 

-(3-^(0,0,0,1,1,1) + (4-^(0,0,0,0,1,1) ~~ CbE-ae + CloEa 2 - (12-^(0,1,0,1) 

+(13-^(0,1,0,1,1) + (15-^(0,1,1,1) — (17-^(1,1,1,1) — (16-^(0,1,1,1,1) + (18-^(0,1,1,2,1) 
+(i9-E'(i,i,i,i,i) — (21-^(1,1,1,2,1) + (22-^(1,1,2,2,1) — (27-^(1,2,2,3,2,1) 

-2( 8 c + ^(«i + 3a 2 + 2a 3 + 3a 4 + a 5 - a & ) (5.77) 
by (2.10), (2.11), (3.7) and (3.46), 

T 9 = -[i(E_ aA ),T 7 ] = ( 9 (D - 8) - x9 xi9 - (i-E(i, 1,1,2,1) + (2-^(0,1,1,2,1) 

+(4-^(0,1,0,1,1) ~~ (6-^(0,0,0,1,1) + (5-^(0,1,0,1) - (7 E -a 4 - CnE a3 + CuE a6 

+(l3-^(0,0,0,0,l,l) - (l4-E(i, ,l) + (18-^(0,0,1, 1,1,1) - (20-^(0,1,1,1,1,1) 
-(21-^(1,0,1,1,1,1) + (23-^(1, 1,1, 1,1,1) + (25-^(1,1,2,2,1,1) + (26-^(1,1,2,2,2,1) 

-2C 9 c + j (ai + 2a 3 + a 5 + 2a 6 ) (5.78) 
by (2.10), (2.11), (3.5) and (3.44), 

T w = -[i(E_ a2 ),T 8 ] = ( W (D - 8) - xd xi8 - (i-S( 1)1)1;lil;1) + (2-^(0,1,1,1,1,1) 

-(3-^(0,1,0,1,1,1) + (6-^(0,0,0,0,1,1) - bE-ae - CsE- a2 + (i2-E'q 4 

— (l3-E(0,0,0,l,l) — (l5-E(0,0,l,l) + (l7-E(l,0,l,l) + (l6-^(0,0,l,l,l) — (20-^(0,1,1,2,1) 

— (l9-^(l,0,l,l,l) + (23-^(1,1,1,2,1) — (24-^(1,1,2,2,1) — (27-^(1,1,2,3,2,1) 

-2( w c + ^(«i + 2a 3 + 3a 4 + a 5 - a 6 ) (5.79) 
by (2.10), (2.11), (3.3) and (3.42), 

Tu = [i(E_ a3 ),T 9 ] = (n(D - 8) - xd xi7 + (1-^(1,1,2,2,1) _ (3-^(0,1,1,2,1) 

_ (4-^(0,l, 1,1,1) + (6-^(0,0,1,1,1) ~~ (5-^(0,1,1,1) + (7-^(0,0,1,1) + CdE-as 



+Cl4-^ai + (l5-^a 6 + (l6-^(0,0,0,0,l,l) + (l8-^(0,0,0,l,l,l) _ (20-E(0,l,0,l,l,l) 
-(22^(1,0,1,1,1,1) + (24^(1,1, 1,1, 1,1) + (25^(1, 1,1,2,1,1) + (26^(1,1,1,2,2,1) 

-2Cnc+^(« 1 -a 3 + a 5 + 2a 6 ) (5.80) 
by (2.10), (2.11), (3.4) and (3.43), 

T12 = -[t(E^ a4 ),T w ] = ( 12 (D - 8) - xd Xl6 + Ci-S(i,i,i,2,i,i) - (2-^(0,1,1,2,1,1) 

_ (4-^(0,l,0,l,l,l) + (6-^(0,0,0,1,1,1) + (8-^(0,1,0,1) ~ GE-ae - (loE- a4 

+(l3-E'as ~~ (l5-^a 3 + (l7-^(l,0,l) + (l8-^(0,0, 1,1,1) ~ (20-^(0,1,1,1,1) 

— (21-^(1,0,1,1,1) + (23-^(1,1,1,1,1) + (25-^(1,1,2,2,1) — (27-^(1,1,2,2,2,1) 
(l2 

-2( i2 c +—(«i + 2a 3 + a 5 - a 6 ) (5.81) 
by (2.10), (2.11), (3.5) and (3.44), 

^i3 = -HE^ a5 ),T 12 ] = (n(D - 8) - x9 Xl5 ~ (1-^(1,1,1,2,2,1) ~~ (2-^(0,1,1,2,2,1) 

-(5-^(0,1,0,1,1,1) + (7-^(0,0,0,1,1,1) _ (8-^(0,1,0,1,1) _ (9-^(0,0,0,0,1,1) + (10-^(0,0,0,1,1) 
— (i2-E'-q 5 — CwE a3 + (ig-E(i,o,i) + (18-^(0,0,1,1) — (20-^(0,1,1,1) 
—(21-^(1,0,1,1) + (23-^(1,1,1,1) — (26-^(1,1,2,2,1) — (27-^(1,1,2,2,1,1) 

-2( 13 c+^(ai + 2a 3 -2a 5 -a6) (5.82) 
by (2.10), (2.11), (3.6) and (3.45), 

Tu = -[i(-E_ ai ),T n ] = ( U (D - 8) + xd Xl4 + (2-^(1, 1,2,2,1) - (3-^(1,1,1,2,1) 
~C^ E (i,i, 1,1,1) + (6-^(1,0,1,1,1) ~~ (5-^(1,1,1,1) + (7-^(1,0,1,1) + (9-^(1,0,1) 
— (li-E-ai — CnE a6 — (19-^(0,0,0,0,1,1) — (21-^(0,0,0,1,1,1) + (23-^(0,1,0,1,1,1) 
+(22-^(0,0,1, 1,1,1) — (24-^(0,1,1,1,1,1) — (25-^(0,1,1,2,1,1) — (26-^(0,1,1,2,2,1) 

-2( 14 c+-^(-2a 1 -a 3 + a 5 + 2a 6 ) (5.83) 
by (2.10), (2.11), (3.2) and (3.41), 

T15 = [i(E- a3 ), T 12 ] = (15 (D - 8) - xd Xl3 - (1-^(1,1,2,2,1,1) + (3-^(0,1,1,2,1,1) 

+(4-^(0,1,1,1,1,1) _ (6-^(0,0,1,1,1,1) _ (8-^(0,1,1,1) + (10-^(0,0,1,1) " (ll-E'-ae 
+(l2-E-a 3 + (l6-^a 5 ~ (l7-^ai + (l8-^(0,0,0,l,l) — (20-^(0,1,0,1,1) 
-(22-^(1,0,1,1,1) + (24-^(1,1,1,1,1) + (25-^(1,1,1,2,1) - (27-^(1,1,1,2,2,1) 

-2(i 5 c+ ^-("i - «3 + "5 - oc & ) (5.84) 
by (2.10), (2.11), (3.4) and (3.43), 

T i6 = [i(E- a3 ), T 13 ] = (w(D - 8) - xd Xl2 + (1-^(1,1,2,2,2,1) + (3-^(0,1,1,2,2,1) 

+(5-^(0,1,1,1,1,1) ~~ (7-^(0,0,1,1,1,1) + (8-^(0,1,1,1,1) ~~ (10-^(0,0,1,1,1) _ (11-^(0,0,0,0,1,1) 

+(l3-E , -a 3 — (lbE-a 5 — (19-^01 + (l8-^o 4 _ (20-^(0,1,0,1) 

— (22-^(1,0,1, 1) + (24-^(1,1,1,1) — (26-^(1,1,1,2,1) — (27-^(1,1,1,2,1,1) 

-2( 16 c+ ^(cti - a 3 - 2a 5 - a 6 ) (5.85) 



by (2.10), (2.11), (3.4) and (3.43), 

Ti 7 = [t(E- ai ),T 15 ] = Cn{D - 8) - xd Xll + (2-^(1,1,2,2,1,1) ~ (3-^(1,1,1,2,1,1) 

-(4-^(1,1,1,1,1,1) + (6-E(i,o,i,i,i,i) + C8-E(i,i,i,i) - Cio-E'(i,o,i,i) _ Ci2-E'(i,o,i) 

+(uE- a6 + Cl5-^-oi + (l9-^a 5 + (21-^(0,0,0,1,1) ~ (23-^(0,1,0,1,1) 

— C22-E'(0,0,l,l,l) + (24-^(0,1,1,1,1) + (25-^(0,1,1,2,1) ~ (27-^(0,1,1,2,2,1) 

-2( 17 c - ^( 2 «i + «3 - «5 + «e) (5.86) 
by (2.10), (2.11), (3.2) and (3.41), 

Tig = -[t(E_ a4 ),T 16 \ = ds(D - 8) - xd Xl0 - (1-^(1,1,2,3,2,1) + (4-^(0,1,1,2,2,1) 

-(5-^(0,1,1,2,1,1) - (8-^(0,1,1,2,1) - (9-^(0,0,1,1,1,1) - (11-^(0,0,0,1,1,1) - (12^(0,0,1,1,1) 

~(l3-^(0,0,l,l) _ (15-^(0,0,0,1,1) _ CwE-a 4 - (20-E a2 - (2lE ai 
-(22-S(l,o,l) - (25-^(1,1,1,1) - (26-^(1,1,1, 1,1) - (27-^(1,1,1,1,1,1) 

-2(i 6 c + ^(«i - «3 - 3a 4 - 2a 5 - a 6 ) (5.87) 
by (2.10), (2.11), (3.5) and (3.44), 

^19 — [ L (E-ai): T 16 ] = (\g(D — 8) — X&x 9 ~ (2-^(1,1,2,2,2,1) — (3-^(1,1,1,2,2,1) 

— (5-^(1,1, 1,1, 1,1) + (7-^(1,0,1,1,1,1) ~~ (8-^(1,1,1,1,1) + (10-^(1,0,1,1,1) _ (l3-^(l,0,l) 
+(l4-E(o,0,0,0,l, 1) + Cl6-E-ai — CnE-a b + (21^4 — (23-^(0,1,0,1) 
— (22-^(0,0,1,1) + (24-^(0,1,1,1) — (26-^(0,1,1,2,1) — (27-^(0,1,1,2,1,1) 

-2( 19 c - ^ (2 ttl + a 3 + 2a 5 + a 6 ) (5.88) 
by (2.10), (2.11), (3.2) and (3.41), 

T 20 = [t(£'_ a2 ), T 18 ] = ( 2 o (-D - 8) - X9 X8 ~ (l -£(1,2,2,3,2,1) - (6-^(0,1,1,2,2,1) 

+(7-^(0,1,1,2,1,1) + (10^(0,1,1,2,1) + (9^(0,1,1,1,1,1) + (11^(0,1,0,1,1,1) + (12^(0,1,1,1,1) 

+(l3-E'(0,l,l,l) + (15-^(0,1,0,1,1) + (l6-E(0,l,0,l) + ClsE- a2 - (23-Ea! 
—(24-^(1,0,1) — (25-^(1,0,1,1) — (26-^(1,0,1,1,1) — (27-^(1,0,1,1,1,1) 

-2( 20 c + ^(cti - 3a 2 — a 3 — 3a 4 - 2a 5 - a e ) (5.89) 
by (2.10), (2.11), (3.3) and (3.42), 

^21 = —[''(E-a 4 ),T 1 g\ = (21 (D - 8) - xd X7 + (2-^(1,1,2,3,2,1) _ (4-^(1,1,1,2,2,1) 

+(5-^(1,1,1,2,1,1) + (8-^(1,1,1,2,1) + (9-^(1,0,1,1,1,1) + (12-^(1,0,1,1,1) + (13-^(1,0,1,1) 
+(l4-E , ( ,o,l,l,l) - (l7-E(o,0,0,l,l) + ClsE- ai - (l9E- a4 - (22-^03 

— (23-^02 ~~ (25-^(0,1,1,1) — (26-^(0,1,1,1,1) — (27-^(0,1,1,1,1,1) 

-2( 21 c - +R2 ai + a 3 + 3a 4 + 2a 5 + a 6 ) (5.90) 
o 

by (2.10), (2.11), (3.5) and (3.44), 

T 22 = [i{E_ az ),T 21 \ = (22 (D - 8) - xd X6 - (3-^(1,1,2,3,2,1) + (4-^(1,1,2,2,2,1) 

-(5^(1,1,2,2,1,1) - (8^(1,1,2,2,1) + (11^(1,0,1,1,1,1) + (15^(1,0,1,1,1) + (16^(1,0,1,1) 



— 04-^(0,0,1, 1,1,1) + Cl7-S( 0i0 ,l,l,l) + Cl8-E(l, ,l) + Cl9-^(0,0,1,1) + Ol-^-ag 

— (24-^*2 — C25-E(0,l,0,l) ~ C26-E'(0,l,0,l,l) — (27-^(0, 1,0, 1,1,1) 

-2C 22 c - %(2ai + 4a 3 + 3a 4 + 2a 5 + a 6 ) (5.91) 
by (2.10), (2.11), (3.4) and (3.43), 

T 23 = [i(E- a2 ), T 2 i] = ( 23 (£> - 8) - + -#(1,2,2,3,2,1) + (6-^(1,1,1,2,2,1) 

_ 0-E(l,l,l,2,l,l) _ (l0-#(l,l, 1,2,1) _ (9-^(1,1,1,1,1,1) _ (l2-#(l,l, 1,1,1) - Cl3-E(l,l,l,l) 
~(l4-£(0,l,0,l,l,l) + (l7-E(0,l,0,l,l) + Cl9-E'(0,l,0,l) + (2oE- ai + (2lE- a2 

— (24-^03 ~~ (25-^(0,0,1,1) — (26-^(0,0,1,1,1) — (27-^(0,0,1,1,1,1) 

-2C23C ^-(2«i + 3a 2 + «3 + 3a 4 + 2a 5 + a 6 ) (5.92) 

by (2.10), (2.11), (3.3) and (3.42), 

T 24 = ^(E'-Q.g), T 23 ] = ( 24 (-D - 8) - xd X4 - (3-^(1,2,2,3,2,1) ~ (6-^(1,1,2,2,2,1) 

+(7-^(1,1,2,2,1,1) + (10-^(1,1,2,2,1) — (11^(1,1,1,1,1,1) + (14-^(0,1,1,1,1,1) ~~ (15-^(1,1,1,1,1) 

_ (l6-^(l,l,l,l) - (17-^(0,1, 1,1,1) _ (19-^(0,1,1,1) + (20-^(1,0,1) + (22-^-02 

+(23-^-^3 — (25-^04 — (26-^(0,0,0,1,1) - (27-^(0,0,0,1,1,1) 

-2( 24 c - %(2«i + 3a 2 + 4a 3 + 3a 4 + 2a 5 + «e) (5.93) 
by (2.10), (2.11), (3.4) and (3.43), 

T 25 = [t(E^ a4 ),T 2 4 = (25(E) - 8) - xd X3 + (4-^(1,2,2,3,2,1) _ (6-^(1,1,2,3,2,1) 

_ (9-E(l,l,2,2,l,l) ~~ (11-^(1,1,1,2,1,1) ~~ (12-^(1,1,2,2,1) + (14-^(0,1,1,2,1,1) ~~ (15-^(1,1,1,2,1) 
+(l8-^(l,l,l,l) - (17-^(0,1,1,2,1) + (20-E(i, ,i,i) + (21-^(0,1,1,1) + (22-^(0,1,0,1) 
+(23-^(0,0,1,1) + (24-E- Q4 — (26-^*5 — (27-^(0,0,0,0,1,1) 

-2C25C - ^(2ai + 3a 2 + 4a 3 + 6a 4 + 2a 5 + a 6 ) (5.94) 
by (2.10), (2.11), (3.5) and (3.44), 

T 26 = [i(£'_ a5 ), T 25 ] = ( 2 6(-D - 8) - - (5-^(1,2,2,3,2,1) + (7-^(1,1,2,3,2,1) 
— (9-^(1,1,2,2,2,1) ~~ (11-^(1,1,1,2,2,1) + (13-^(1,1,2,2,1) + (14-^(0,1,1,2,2,1) 

+(l6-E'(l, 1,1,2,1) + (18-^(1,1,1,1,1) + (19-^(0,1,1,2,1) + (20-^(1,0,1,1,1) 
+(21-^(0,1,1,1,1) + (22-^(0,1,0,1,1) + (23-E( ,o,l,l,l) + (24-^(0,0,0,1,1) + (25-^-ag 

-(27^6 - 2 (26C - ^(2«i + 3a 2 + 4a 3 + 6a 4 + 5a 5 + a 6 ) (5.95) 
by (2.10), (2.11), (3.6) and (3.45), 

T 27 = [i(E_ a6 ), T 26 ] = ( 2 7(-D - 8) - X^i + (8-5(1,2,2,3,2,1) _ (10-^(1,1,2,3,2,1) 
+(l2-S(l,l,2,2,2,l) + (l3-E(l,l,2,2,l,l) + 05-^(1,1,1,2,2,1) + 07-^(0,1,1,2,2,1) 
+(l6-£(l,l, 1,2,1,1) + 08-^(1,1,1,1,1,1) + (l9-E(o,l,l,2,l,l) + (20-^(1,0,1,1,1,1) 
+(21-E'(0,1,1,1,1,1) + (22-E'(0,l,0,l,l,l) + (23-^(0,0,1,1,1,1) + (24-^(0,0,0,1,1,1) + (26-E-a 6 

+(25-^(0,0,0,0,1,1) ~~ 2 07C - ~f^~( 2a i + 3a 2 + 4a 3 + 6a 4 + 5a 5 + 4a 6 ) (5.96) 



by (2.10), (2.11), (3.7) and (3.46). Then T = CT r form s the 2 7- dimensional Q Eti 

of highest weight Ai. Indeed, the map i] r i-> T r for r G 1,27 determines a (/^-module 
isomorphism from U to T (cf. (3.34)). 
Denote 

T r ' = T r - - 2c - 8) + X ^ 28 _ r for r G 1^7. (5.97) 

Easily see that T' = Ylt=i f° rms the 27-dimensional (/^-module of highest weight 
Ai. So we have the (^-module isomorphism from U = Ylt—i ^Cr to T' determined by 
( r (->■ for r G 1, 27. The weight set of [/ is 

6 

n ( f/ ) = E ^> sAs I r G ( 5 - 98 ) 

s=l 

(cf. (5.9)-(5.14) and Table 2 in Section 3). Let A G A+. Denote 

T'(A) = {A + /x | n e n(C/), A + /iG A + } (5.99) 

(cf. (5.27)). Take M = V(A), the irreducible C/ E6 -module of highest weight A. It is known 
that 

UV{\) = U ® C V{\)= V(A'). (5.100) 

A'eT'(A) 

Given A' G T'(A), we pick a singular vector 



27 

It = 

r=l 



J^Cr^r (5.101) 



of weight A' in UV(X), where u r G V(A). Moreover, any singular vector of weight A' in 
UV(X) is a scalar multiple of u. Note that the vector 



27 

W = 

r=l 



J2 T rM (5.102) 



is also a singular vector of weight A' if it is not zero. Thus 

w = h'U, by G C. (5.103) 

Set 

b(A) = min{b A ' | A' G T'(A)}. (5.104) 

Theorem 5.6. The Q Er -module V(X) is irreducible if 

c G C \ {-8 + 5N/3, (l/2)(b(A) + N) - 4, L(X) + N}. (5.105) 

Proof. Recall that the (? £7 -submodule U(QJ)(V(X)) is irreducible by Proposition 4.2. 
It is enough to prove V(A) = U(Q )(V(X)). It is obvious that 

V(X) {0) = V(X) = (U(g-)(V(\)))w (5.106) 



(cf. (5.3) and (5.4) with M = V(X)). Moreover, Lemma 5.1 with M = V(X), (5.37) and 
(5.105) imply that Hy^) is invertible, equivalently, 

VW {1) = (U(Q-)(V(\))) {1) . (5.107) 

Suppose that 

for % G OJt with 1 < k G N. 

For any v G V(A) and a G N 16 such that \a\ — k — 1, we have 

T r (x%) = :r a [(|a| - 2c - 8)( r + T' r ]{v) + X^ 28 _ r (z> G ([/(£_) (y(A))) (fe+1) (5.109) 

for r G T727 by (5.97), (5.108) with i — k — 1, k. If k = 1, then a = 0. So x^ 28 _ r (s Q )u = 0. 
When fc > 1, 

d* 28 -» G V^(A) (fe _ 2) = (tf(0_)(V(A))) (Jfc _ 2> (5.110) 

and so 

= X (24 - 5(M - 1) + 3c)(d X2S _ r (x a )v) G (C/(£L)(y(A))) (fe+1) (5-111) 
by Lemma 5.5. Thus (5.105) gives 

A 8 _ r (x> G (C/(£_)(y(A))) (fc+1) for r G U7. (5.112) 

Hence in any case, 

T r (x a v) = x a [(\a\ - 2c - 8)C r + T' r ]{v) G {U{G-){V{\))) {k+1) for r G L27. (5.113) 

On the other hand, 

V = Span{[(|a| - 2c - 8)C r + T' r ](v) \ r G 1^27, v G V(X)} (5.114) 

forms a ^^-submodule of UV(X) with respect to the action in (5.1). Let u be a ^ £ ' 6 - 
singular vector in (5.101). Then 

27 

V 3 Y^[(\ a \ - 2c - 8)Cr + Z}(u r ) = (\a\ -2c-8)u + w = (\a\ - 2c - 8 + \) X )u (5.115) 

r=l 

by (5.102) and (5.103). Moreover, (5.104) and (5.105) yield u G V. Since UV(X) is a 
£ E6 -module generated by all the singular vectors, we have V = UV(X). So 

x a UV(X) C (U(g-)(V(\))) {k+1) . (5.116) 

The arbitrariness of a implies 

( r V(X) { k-i) C (£/(S-)0/(A)) W> for r G W (5.117) 
Given any / G Ah and f G V(A), we have 

( r d Xa (f)v G CrHX)^-!) C (U(g_)(V(X))) {k+1} for r, s G 1727. (5.118) 



Moreover, 

Vs(fv) = t(Vs)(fv) = P s (fv) + f(u - c)(x s v) 

27 

= f(k + u-c)(x s v)(modJ2CrV(X) {k _ 1} ) (5.119) 

r=l 

for s E 1727 by (3.58), (3.77)-(3.102), (4.13)-(4.39) and Lemma 5.1. According to (5.37), 
(5.105), (5.115) and (5.117), we get 

x s fv e (U(G-)(V(\))) {k+1) for s G T727. (5.120) 

Thus (5.108) holds for % — k + 1. By induction on k, (5.108) holds for any iGN, that is, 

v(\) = u(g-)(v(\)). □ 

When A = 0, V(0) is the one-dimensional trivial module and £ u (0) = b(0) = 0. So we 
have: 

Corollary 6.7. The Q El -module V(ti) is irreducible if c e C \ {5N/3 - 8, N/2 - 4}. 
Next we consider A = kX±. In this case, 

T(A) = {k\i + A 6 , (k - l)Ai + A 2 , (k - l)Ai} (5.121) 
by (5.32) and Tables 1, 2. Thus we have 

Ah 

C(A) = -16-y (5.122) 

by (5.37). Moreover, 

T'(A) = {(k + l)Ai, (k - l)Ai + A 3 , (A; - l)Ai + A 6 } (5.123) 

by Table 2 and (5.99). 

We define a representation of C^ 6 on C = C[z±, z 27 ] determined via (3.35)-(3.47) 
with U replaced by C and Q replaced by Zj. In fact, 



E ai \c - 


- z id Z2 + z ud zi4 — z i 5 d Zl7 — Zi 6 d zis 


, — z i8d Z21 


— z 2 od Z23 , 


(5. 


124) 


Ea 2 \c 


= z 4 d Z6 


+ z$d Z7 + z$d Zl0 — zi$d Z20 - 


- z 2 \d Z23 ■ 


- z 22 d Z24 , 


(5. 


125) 


E as \c 


= z 2 d Z3 


— zgd Zll — zud Zl5 — Zi 3 8 Zlfj 


— z 2 \d Z22 


— z 23 d Z24 , 


(5. 


126) 


E a4 \c 


= z 3 d Z4 


+ z?d Zg + z w d Zl2 + ziq8 Z18 


+ z\gd Z2x 


— z 24 d Z25 , 


(5. 


127) 


Ea 5 \c 


— z±d Z5 


+ Zq8 Z7 + z\ 2 d Zl3 + zi 5 d Zl6 


+ ^17^219 


— z 2 5d Z26 , 


(5. 


128) 


Ea 6 \c 


= z§d z& 


+ z 7 d Zl0 + z 9 d Zl2 + z n d Zl5 


— z u d Zl7 


— z 2 $d Z27 , 


(5. 


129) 


#(i,o,i) |c = - 


-zid Z3 - 


- Zgd zi4 + zi 2 d zir + Zi 3 d zi9 - 


- z isd Z22 - 


- z 2 q8 Z24 , 


(5. 


130) 


#(0,1,0,1) \c = 


~- z 3 d Z6 - 


- z$d Z9 — z s d Zl2 — zied Z20 — 


z\gd Z23 — 


z 22d Z25 , 


(5. 


131) 


#(0,0,1,1) \c = 


-z 2 d Z4 - 


~ z jd Zll — ^io<9 Zl5 + Zi 3 d Zlji 


— Z\gd Z22 


- z 23 d Z25 , 


(5. 


132) 


#(0,0,0,1,1) Ic = 


-z 3 d Z5 


+ zq8 Z9 — z w d Zl3 + z 15 d zi8 


+ ^17^21 




(5. 


133) 



-^(0,0,0,0,1,1) |c — — z 4 d Zs — z e d Zl0 + z 9 d Zr3 + z n d Zl6 — z M d Zl9 + z 25 d Z27 , (5.134) 

£(1,0,1,1) |c = z 1 d Z4 - z 7 d Zl4 + z 10 d Zl7 - z 13 d Z21 - z 16 d Z22 - z 20 d Z25 , (5.135) 

£(0,1,1,1) \c = -z 2 d Z6 + z 5 d Zll + z 8 d Zl5 - z 13 d Z20 + z 19 d Zz ^ - z 2i d Z25 , (5.136) 

£(0,1,0,1,1) I c — —z 3 d Z7 — z 4 d Z9 + z 8 d zi3 — zi 5 d Z20 — z\ 7 d Z23 — z 22 d Z26 , (5.137) 

£(0,0,1,1,1) \c — z 2 d Z5 — z 6 d Zll + z 10 d Zia + Zi 2 d Zls — zi 7 d Z22 — z 23 d Z26 , (5.138) 

£(0,0,0,1,1,1) U = z 3 d Zs — Zq8 Zi2 — z 7 d Zl3 + ^ll^zig — zi 4 d Z21 + z 24 d Z27 , (5.139) 

£(1,1,1,1) \c = zid Zlj + z 5 d Zl4 - z 8 d Zl7 + z 13 d Z23 + z w d Z24 - z 18 d Z25 , (5.140) 

£(1,0,1,1,1) \c — —zid Zs — z§d Zl4 — z\od Zl9 — zi 2 d Z21 — zi 5 d Z22 — z 29 d Z26 , (5.141) 

£(0,1,1,1,1) \c = z 2 d Z7 + z 4 d Zll - z 8 d Zl6 - z 12 d Z20 + z 17 d Z24 - z 21 d Z26 , (5.142) 

£(0,1,0,1,1,1) \c — z 3 d Zu) + z 4 d Zl2 + z 5 d Zl5 — Zud Z20 + z i4 d Z23 + z 22 d Z27 , (5.143) 

£(0,0,1,1,1,1) \c = -z 2 d za + z 6 d Zl5 + z 7 d Zl6 + z 9 d Zl8 + z 14 d Z22 + z 23 d Z27 , (5.144) 

£(1,1,1,1,1 \c = ~z\d Z7 + z 4 d Zl4 + z 8 d Zl9 + z 12 d Z23 + z 15 d Z24 - z 18 d Z2(j , (5.145) 

£(1,0,1,1,1,1) \c — z\d zs — z e d Zl7 — z 7 d zig — z 9 d Z21 — z u d Z22 + z 20 d Z27 , (5.146) 

£(0,1,1,2,1) \c = -z 2 d Z9 + z 3 d Zll + z 8 d Zl8 - z w d Z20 + z 17 d Z25 + z 19 d Z2(j , (5.147) 

£(0,1,1,1,1,1) \c — —z 2 d Zl0 — z 4 d Zls — z§d Zl6 — z 9 d Z20 — z\ 4 d Z24 + z 2 ±d Z27 , (5.148) 

£(1,1,1,2,1) \c = zid Z9 + z 3 d Zl4 - z 8 d Z21 + z 10 d Z23 + z 15 d Z25 + z 16 d Z26 , (5.149) 

£(1,1,1,1,1,1) \c = z\d Zw + z 4 d Zl7 + z 5 d Zl9 + z 9 d Z23 + z n d Z24 + zi 8 d Z27 , (5.150) 

£(0,1,1,2,1,1) |c — z 2 d Zl2 — z 3 d Zl5 + z 5 d Zls — z 7 d Z20 ~ z i 4 d Z25 + z w d Z27 , (5.151) 

£(1,1,2,2,1) |c — —z\d zu — z 2 d Zl4 + z 8 d Z22 — z w d Z24 + zi 2 d Z25 + zi 3 d Z26 , (5.152) 

£(1,1,1,2,1,1) \c = —zid Zl2 + z 3 d Zl7 — z$d Z21 + z 7 d Z23 + zud Z2S + zi§d Z27 , (5.153) 

£(0,1,1,2,2,1) \c = ~z 2 d Zl3 + z 3 d Zl6 + z 4 d Zl8 - z 6 d Z20 - z 14 d Z26 + z 17 d Z27 , (5.154) 

£(1,1,2,2,1,1) \c — z \d Zlh — z 2 d Zl7 + zz,d Z22 — z 7 d Z24 + z 9 d Z2ro + Z\ 3 d Z27 , (5.155) 

£(1,1,1,2,2,1) \c = z \d Zl3 — z 3 d Zl9 — z 4 d Z21 + z 6 d Z23 + Zud Z26 + Zisd Z27 , (5.156) 

£(1,1,2,2,2,1) \c — —zid Zl6 + z 2 d Zl9 + z 4 d Z22 — z§d Z24 + z 9 d Z26 + z\ 2 d Z27 , (5.157) 

£(1,1,2,3,2,1) \c = zid Zls - z 2 d Z21 + z 3 d Z22 - z$d Z25 + z 7 d Z26 + zi d Z27 , (5.158) 

£(1,2,2,3,2,1) \c = zid Z20 - z 2 d Z23 + z 3 d Z24 - z 4 d Z25 + z 5 d Z26 + z 8 d Z27 , (5.159) 

27 

a r\c — bj,rZjd Zi for re 1,6 (5.160) 

i=i 

with bi tr given Table 2, 

£-a|c = ~r\E a ) for m$ E6 , (5.161) 
where r' is a linear transformation on the differential operators in z±, z 27 such that 

r'{ Zi d Zj ) = Zj d Zi for i,j e T727. (5.162) 

Then the C/^-submodule A4 generated by z\ is isomorphic to V{k\\). 



We calculate: 





z k 1 - l z 2 = --E_ ai (z k ) e Af k , z k ~ 1 z 3 - 


= —E_ az (z k ~ l z 2 ) G Afk, 


(5.163) 


z\- 

1 


l Z 4 = —E- a4 (Zi 1 Z%) £ Afk, z\ 1 Z§ = - 


—E^ a Az k 1 z 4 ) £ Afk, 


(5.164) 


**- 

1 


^zq = -E^ a Az\~ x z 4 ) e Af k , z\~ x z 7 = - 


-E_ a Az\~ x zA e Afk, 


(5.165) 


i 


~ l z 9 = -E_ ai (z k ~ l z 7 ) e Af k , z\~ x z xx = 


■■ E_ a3 (z k ^z 9 ) e Afk, 


(5.166) 




-E_ ai (z k ~ l z 41 ) = z^zu + (k- 


- l)z k -~ 2 z 2Zll e Af k , 


(5.167) 




-E^z^zu + (k- l)z k l ~ 2 z 2 z 11 ) 


— (k — l)z 3 z u e Af k , 






E as ((k - l)z 3 2n) = (k- l)(z 2 zu - z 3 z 9 ) e Af k , 


(5.169) 




E a4 E_ a4 [(k - l)(z 2 z 11 - z 3 z 9 )] = (k - 


- l)(z 3 z 9 + z 4 z 7 ) e Afk, 


(5.170) 




-E as E_ a5 [(k - l)(z 3 z 9 + z 4 z 7 )\ = (k 


- l)(z 4 z 7 + z 5 z 6 ) e Afk- 


(5.171) 



Now we take M — Afk in our earlier settings. First ( 4 z k is a singular vector of weight 
(k + l)Ai in UAf k . By (5.69), (5.160) and Table 2, 

T i( z i) = ^( 4 «i + 3« 2 + 5a 3 + 6a 4 + 4a 5 + 2a 6 )(z k ) = ^Ci*i- (5-172) 

So b(k+i)\i = 4fc/3. Next C,\z\~ x z 2 — ( 2 z k is a singular vector of weight (k — l)Ai + A3 in 
UAf k - According to (5.69), (5.71), (5.160) and Table 2: 

T&z^-T&l) 

= (2Z k + ^^Ci^- 1 ^ - K,z k -'z 2 - k -C 2 z\ = - (2Z k ), (5.173) 

which gives b (fc _i) Al+A3 = fc/3 - 1. 

Expressions (3.35)-(3.40), (5.124)-(5.129) and (5. 163)-(5. 171) show that 

u = ( 1 [4z k - 1 z M + (k-l)z k - 2 (z 2 z ll + z 3 z 9 -z A z 7 + z 5 z 6 )]-(k + 3)z k - 1 

x [C2Z11 + (3Z9 - dz 7 + ( 5 z 6 + ( 6 z 5 - (7^4 + (9Z3, + C1122 - Cw^i] (5.174) 

is a singular vector of weight (k — l)Ai + A 6 in C/Afe. We find 

T x ' [4^-^x4 + (fc - i)z$- 2 (z2Z U + z 3 z 9 - z 4 z 7 + z 5 z 6 )] 
-(k + 3)[T 2 '(z k ~ 1 z 11 ) + ^(^-^ 9 ) - THzt'zr) + ^(^^ 6 ) 
+^(^-^5) - T 7 (z k -'z 4 ) + T'izt'zs) + T[ x {z\-'z 2 ) - T[ 4 (z\)\ 
= (k + 3)z k ~ 1 (( 2 z u + (3^9 - (4Z 7 + C5Z6 + ( 6 z 5 - ( 7 z 4 + ( 9 z 3 + C u z 2 ) 
+ (4k/3 - 2)( 1 [4z k - 1 z u + (k — l)z k - 2 (z 2 z n + z 3 z 9 - z 4 z 7 + z 5 z 6 )] 
— (k + 3)z k ~ 2 [2z 1 (( 1 z 14 - ( 3 z 9 + ( 4 z 7 - ( 5 z 6 - (qz 5 + ( 7 z 4 - ( 9 z 3 + Cu^i) 

+2^l(Cl^l4 ~ ClZll + C4^7 — C^) z % — C§ z 5 + C7^4 — Cll Z 2 + Cl4^l) 
+2^i(Ci^i4 — C2Z11 — (3Z 9 — ( 5 Zq — (qZ 5 — ( 9 Z 3 — (nZ 2 + (uZl) 

+2z 1 (( 1 z 14 - ( 2 z u - ( 3 z 9 + ( 4 z 7 + ( 7 z 4 - ( 9 z 3 - ( n z 2 + C14Z1) 
+2(k - l)d(z 2 z u + z 3 z 9 - z 4 z 7 + z 5 zq) - (2k/ 3 + l)zi(( 2 z n + ( 3 z 9 
-( 4 z 7 + (5^6 + Ce^5 - C7^4 + (9Z3 + C,uz 2 ) + (2fc/3)Ci42?] 



= (k + 3)^~ 1 (C 2 ^ii + C3Z9 - Uz 7 + ( 5 z 6 + Ce^5 - (7Z4 + (9Z3 + Cn^a) 

+ (4k/3 - 2)Ci[42 1 fc - 1 2: 1 4 + (k — l)z^ 2 (z 2 z u + z 3 z 9 - z A z 7 + z 5 z 6 )} — (k + 3)z^~ 2 
x [2(AC lZl z u + (k - l)Ci(z2Z U + z 3 z 9 - z 4 z 7 + z 5 z 6 )) + (2k/3 + 8)( u z 2 
-{2k /Z + 7)zi(C,2Zn + (3Z9 - Uz 7 + (5^6 + Ce^5 - dz^ + (9Z3 + (nz 2 )] 

= -(2A;/3 + 8)m (5.175) 

by (5.69), (5.71)-(5.96), (5.124)-(5.161) and Table 2. Thus b (fc _i )Al+A6 = -{2k/3 + 8). 
Therefore, 

b(jfeAi) = -(2k/3 + 8). (5.176) 

Corollary 5.8. The Q E? -module V(k\i) is irreducible if 

c G C \ {-8 + 5N/3, N/2-8 - fc/3, N — 16 — 4k/3}. (5.177) 
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